BOUNDARY TRACE OF POSITIVE SOLUTIONS OF 
SEMILINEAR ELLIPTIC EQUATIONS IN LIPSCHITZ 
DOMAINS: THE SUBCRITICAL CASE 

MOSHE MARCUS AND LAURENT VERON 

Abstract. We study the generalized boundary value problem for non- 
negative solutions of of —Au + g(u) = in a bounded Lipschitz domain 
Q, when g is continuous and nondecreasing. Using the harmonic mea- 
sure of f2, we define a trace in the class of outer regular Borel measures. 
We amphasize the case where g(u) = |u| IJ ~ 1 it, q > 1. When f2 is (lo- 
cally) a cone with vertex y, we prove sharp results of removability and 
characterization of singular behavior. In the general case, assuming that 
£1 possesses a tangent cone at every boundary point and q is subcritical, 
we prove an existence and uniqueness result for positive solutions with 
arbitrary boundary trace. 
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1. Introduction 

In this article we study boundary value problems with measure data on 
the boundary, for equations of the form 

(1.1) - Au + g(u) = in 

where f2 is a bounded Lipschitz domain in W N and g is a continuous nonde- 
creasing function vanishing at (in short g G Q). A function u is a solution 
of the equation if u and g(u) belong to L I 1 oc (0) and the equation holds in 
the distribution sense. The definition of a solution satisfying a prescribed 
boundary condition is more complex and will be described later on. 

Boundary value problems for (jl.ip with measure boundary data in smooth 
domains (or, more precisely, in C 2 domains) have been studied intensively 
in the last 20 years. Much of this work concentrated on the case of power 
nonlinearities, namely, g(u) = \u\ q ~ 1 u with q > 1. For details we address the 
reader to the following papers and the references therein: Le Gall [19], [20] . 
Dynkin and Kuznetsov |5], [9] [TO], Mselati [27] (employing in an essential 
way probabilistic tools) and Marcus and Veron [21], [22], [23], [23], [25] 
(employing purely analytic methods). 

The study of the corresponding linear boundary value problem in Lip- 
schitz domains is classical. This study shows that, with a proper inter- 
pretation, the basic results known for smooth domains remain valid in the 
Lipschitz case. Of course there are important differences too: in the Poisson 
integral formula the Poisson kernel must be replaced by the Martin kernel 
and, when the boundary data is given by a function in L 1 , the standard sur- 
face measure must be replaced by the harmonic measure. The Hopf principle 
does not hold anymore, but it is partially replaced by the Carleson lemma 
and the boundary Harnack principle due to Dahlberg [7J. A summary of the 
basic results for the linear case, to the extent needed in the present work, is 
presented in Section 2. 

One might expect that in the nonlinear case the results valid for smooth 
domains extend to Lipschitz domains in a similar way. This is indeed the 
case as long as the boundary data is in L . However, in problems with 
measure boundary data, we encounter essentially new phenomena. 

Following is an overview of our main results on boundary value problems 
for (fL~T|) . 

A. General nonlinearity and finite measure data. 

We start with the weak L 1 formulation of the boundary value problem 

(1.2) — Am + g(u) = in Q, u = yu on ffl , 

where p, e Wl(dQ). 

Let xq be a point in $7, to be kept fixed, and let p = p n denote the first 
eigenfunction of —A in Q normalized by p(xo) = 1. It turns out that the 
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family of test functions appropriate for the boundary value problem is 

(1.3) X(Cl) = {r? G Wo' 2 (n) : p^Arj G L°°(ft)} . 

If rj G X(f2) then sup < oo. 

Let K[/i] denote the harmonic function in Q with boundary trace \x. Then 
u is an L^-weak solution of (jl.2p if 

(1.4) u6Lj(n), g(u)eL l p (Q) 
and 

(1.5) / (-uAr] + g(u)r]) dx = - I (K\p]Arj) dx \/rj G jr(fi). 

Note that in (|1.5|) the boundary data appears only in an implicit form. 
In the next result we present a more explicit link between the solution and 
its boundary trace. 

A sequence of domains {f2„} is called a Lipschitz exhaustion of f2 if, for 
every n, O n is Lipschitz and 

(1.6) n n c n n c n n+1 , n = un n , w N _i(an n ) -^w N ^i(an). 

In Lischitz domains, the natural way to represent harmonic functions 
solutions of Dirichlet problems with continuous boundary data is use the 
harmonic measure. Its definition and mains properties are recalled in Section 
2.1. As an illustration of this notion we prove the following: 

Proposition 1.1. Let {£l n } be an exhaustion ofO,, letxo G £l\ and denote by 
u n ( respectively u> ) the harmonic measure on dVt n ( respectively dVt ) relative 
to xq. If u is an L^-weak solution of (jl.2p then, for every Z G C{pt), 

(1.7) lim / Zudio n = / Z dfi. 

n ^°° Jan n Jan 

We note that any solution of (jl.ip is in W^ a f(Q) for some p > 1 and 
consequently possesses an integrable trace on <9S7 n . 

In general problem (jl.2p does not possess a solution for every fi. We de- 
note by 9Jl 9 (dQ,) the set of measures [i G 93T(<9S7) for which such a solution 
exists. The following statements are established in the same way as in the 
case of smooth domains: 

(i) If a solution exists it is unique. Furthermore the solution depends mono- 
tonically on the boundary data. 

(ii) If u is an L 1 -weak solution of (|1.2|> then |u| (resp. u+) is a subsolution 
of this problem with fi replaced by (resp. fi + ). 

A measure [i G 9JT(<9S7) is g-admissible if g(K[|/x|]) G L l p {£l). When 
there is no risk of confusion we shall simply write 'admissible' instead of 
'^-admissible'. The following provides a sufficient condition for existence. 

Theorem 1.2. If fj, is g-admissible then problem (jl.2j) possesses a unique 
solution. 
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B. The boundary trace of positive solutions of general nonlinearity. 

We say that u E L\ (f2) is a regular solution of the equation (jl.ip if g(u) E 

Proposition 1.3. Let u be a positive solution of the equation (jl.ip . //« is 

regular then u E <wi<i possesses a boundary trace \i E 971(317). Thus 

u is the solution of the boundary value problem (|1.2p wit/i i/iis measure \i. 

As in the case of smooth domains, a positive solution possesses a boundary 
trace even if the solution is not regular. The boundary trace may be defined 
in several ways; in every case it is expressed by an unbounded measure. A 
definition of trace is 'good' if the trace uniquely determines the solution. A 
discussion of the various definitions of boundary trace, for boundary value 
problems in C 2 domains, with power nonlinearities, can be found in [25], 
[8 J and the references therein. In [21] the authors introduced a definition of 
trace - later referred to as the 'rough trace' by Dynkin [8] - which proved 
to be 'good' in the subcritical case, but not in the supercritical case (see 
|22j). Mselati [27] obtained a 'good' definition of trace for the problem with 
g(u) = v? and A > 4, in which case this non-linearity is supercritical. His 
approach employed probabilistic methods developed by Le Gall in a series 
of papers. For a presentation of these methods we refer the reader to his 
book [20j. Following this work the authors introduced in [25] a notion of 
trace, called 'the precise trace', defined in the framework of the fine topology 
associated with the Bessel capacity Ciiq^ on d£l. This definition of trace 
turned out to be 'good' for all power nonlinearities g{u) = u q , q > 1, at least 
in the class of cr-moderate solutions. In the subcritical case, the precise trace 
reduces to the rough trace. At the same time Dynkin [9] extended Mselati's 
result to the case (A + l)/(N - 1) < q < 2. 

In the present paper we confine ourselves to boundary value problems 
with rough trace data and in the subcritical case (see the definitions below). 
In a forthcoming paper [26] we study the supercritical case and we develop 
a framework for the study of existence and uniqueness (see Theorem 11.101 
below) which can be applied to a large class of nonlinearities and can be 
adapted to other notions of trace as well. This study emphasizes the analysis 
in polyhedron and the role of capacities modeled on specific Besov spaces 
corresponding to the different geometric components of the boundary. In 
particular, it can be adapted to the 'precise trace' for power nonlinearities 
(in smooth domains) and to a related notion of trace for Lipschitz domains. 

Here are the main results in this part of the paper, including the relevant 
definitions. 

Definition 1.4. Let u be a positive supers olution, respectively subsolution, 
°f (|1-1P - A point y E dfl is a regular boundary point relative to u if there 
exists an open neighborhood D of y such that g o u E L l p {Sl n D) . If no such 
neighborhood exists we say that y is a singular boundary point relative to u. 
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The set of regular boundary points ofu is denoted bylZ(u); its complement 
on the boundary is denoted by S(u). Evidently lZ(u) is relatively open. 

Theorem 1.5. Let u be a positive solution of (jl.ip in £1. Then u possesses 
a trace on 1Z{u), given by a Radon measure v. 
Furthermore, for every compact set F C 1Z(u), 

(1.8) / (-uArj + g{u)rj) dx = - / (K[ux F ]Ar]) dx 

Jn Jn 

for every r) £ X(Q) such that suppry n dfl C F and v\f G Wl 9 (dfl). 

Definition 1.6. Let g £ Q. Let u be a positive solution of (jl.ip with regular 
boundary set lZ{u) and singular boundary set S{u). The Radon measure v 
in H(u) associated with u as in Theorem 1 1 . 51 is called the regular part of the 
trace of u. The couple (v,S(u)) is called the boundary trace ofu on <9f2. 
This trace is also represented by the (possibly unbounded) Borel measure u 
given by 



(1.9) HE) 




if EC K{y) 
otherwise. 



The boundary trace of u in the sense of this definition will be denoted by 
Let 

(1.10) V v := sup{u„ XF : F C TZ(u), F compact} 

where u VXp denotes the solution of (jl.2p with fi = vxf- Then V u is called 
the semi-regular component of u. 

Definition 1.7. A compact set F C dQ is removable relative to (jl.ip if 
the only non-negative solution u G C(0 \ F) which vanishes on Cl\F is the 
trivial solution u = 0. 

An important subclass of Q is the class of functions g satisfying the Keller- 
Osserman condition, that is 

f°° ds f s 

(1.11) / —?== < oo where G(s) = / g{r)dr, 
J a \/Ct(s) Jo 

for some a > 0. It is proved in [18], [28] that, if g satisfies this condition, 
there exists a non-increasing function h from M + to M + with limits 

(1.12) lim h(s) = oo lim h(s) = a + := inf{a > : g(a) > 0}, 
s— s-0 s— s-oo 

such that any solution u of (jl.l|) satisfies 

(1.13) u(x) < /i(dist(x,afi)) Vxefi. 

Lemma 1.8. Let g £ Q and assume that g satisfies the Keller- Osserman 
condition. Let F C <9$7 be a compact set and denote by IAf the class of 
solutions u of (jl.ip which satisfy the condition, 

(1.14) ueC(Q\F), u = ondn\F. 
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Then there exists a function Uf G Uf such that 

u < Uf Vn G lip. 

Furthermore, S(Up) ='■ F' C F; F' need not be equal to F. 

Definition 1.9. Up is called the maximal solution associated with F. The 
set F' = S{Uf) is called the g-kernel of F and denoted by k g (F). 

Theorem 1.10. Let g G Q and assume that g is convex and satisfies the 
Keller- Osserman condition. 

Existence. The following set of conditions is necessary and sufficient for 
existence of a solution u of the generalized boundary value problem 

(1.15) -Au + g(u)=0 in Q, tr ef2 u = (v, F), 

where F C d£l is a compact set and v is a Radon measure on dQ \ F . 

(i) For every compact set E C dVL \ F , v\e G DJl 9 (dCl). 

(ii) Ifk g (F) = F', then F\F' C S(V U ). 

When this holds, 

(1.16) V v < u < V v + U F . 

Furthermore if F is a removable set then (|1.2p possesses exactly one solution. 
Uniqueness. Given a compact set F C dQ., assume that 

(1.17) Ue is the unique solution with trace (0,k g (E)) 

for every compact E C F. Under this assumption: 

(a) If u is a solution of (j!.15j) then 

(1.18) max(K, Up) < u < V v + Up. 

(b) Equation (ll.ip possesses at most one solution satisfying (11.181) . 

(c) Condition (|1.17p is necessary and sufficient in order that (|1.15p possess 
at most one solution. 

MONOTONICITY. 

(d) Let u\,U2 be two positive solutions of (II. ip with boundary traces (i/i,Fi) 
and (^2,-^2) respectively. Suppose that F\ C F2 and that v\ < V2Xf 1 ='■ v' 2 . 
If (fTTTjl holds for F = F 2 then u 1 <u 2 . 

In the remaining part of this paper we consider equation (jl.lj) with power 
nonlinear ity: 

(1.19) - Au + \u\ q - 1 u = 
with q > 1. 

C. Classification of positive solutions in a conical domain possessing an 
isolated singularity at the vertex. 

Let C s be a cone with vertex and opening S C S' Ar_1 , where S is a 
Lipschitz domain. Put Q, = CsC\Bi(0). Denote by A s the first eigenvalue and 
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by 4> s the first eigenfunction of —A' in Wq' 2 (S) normalized by max0 s = 1. 
Put 

a s = \(N - 2 + y/(N - 2)2 + 4A S ) 

and ^ 

$i(x) = -\x\~ a S(f) s (x/ \x\) 

where 7 S is a positive number. <3?i is a harmonic function in Cs vanishing 
on dCs \ {0} and 7 is chosen so that the boundary trace of $1 is 5o (=Dirac 
measure on dCs with mass 1 at the origin). Further denote Qs = CsCiBi(0). 

It was shown in that, if q > 1 + ^ there is no solution of (II . 191) in 
with isolated singularity at 0. We obtain the following result. 

Theorem 1.11. Assume that 1 < q < 1 + — . Then 5q is admissible for 
ft and consequently, for every real k, there exists a unique solution of this 
equation in O with boundary trace k5o. This solution, denoted by satisfies 

(1.20) u k (x) = A;$i(x)(l + o(l)) asx^O. 
The function 

Uoo = lim Uk 

k— too 

is the unique positive solution of f)5. 1[) in fig which vanishes on <9f2 \ {0} 
and is stronqly singular at 0, i.e., 

(1.21) / u q OQ pdx = 00 

Jn 

where p is the first eigenfunction of —A in £1 normalized by p(xq) = 1 for 
some (fixed) xq £ fL Its asymptotic behavior at is given by, 

(1.22) Uoo(x) = \x\~~^u;s(x/\x\)(l + o(l)) as i->0 
where uj is the (unique) positive solution of 

(1.23) - A'w- \ Nq u + \u\ q ~ 1 uj = Q 
on S^ -1 wit/i 

J2_ / 2q 
q-l \q-l 

As a consequence one can state the following classification result. 
Theorem 1.12. Assume that l<q<q s = l + 2/a s and denote 

a s = i(2-iV + ^/(N -2) 2 + 4A s ). 

If u £ C(Cts \ {0}) is a positive solution of hl.lS\) vanishing on (dC s n 
£? ro (0)) \ {0} ; £/ie following alternative holds: 
Either 

lim sup |x| _Qs u(x) < 00 
x-»0 



(1-24) = — ( — ^ - N 
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or 

there exist k > such that il.20\) holds, 

or 

fFZty holds. 

In the first case u G C(O); in the second, u possesses a weak singularity 
at the vertex while in the last case u has a strong singularity there. 

D. Criticality in Lipschitz domains. 

Let f2 be a Lipschitz domain and let £ G 90. We say that is the critical 
value for (|1.19p a£ £ if, for 1 < q < q^, the equation possesses a solution 
with boundary trace 5^ while, for q > q^ no such solution exists. We say 

that q| is the secondary critical value at £ if for 1 < q < g| there exists a 

non-trivial solution of (|1.19p which vanishes on <9S7 \ {£} but for g > g| no 

such solution exists. 

In the case of smooth domains, q^ = q^ and q^ = (N + 1)/(N — 1) for 

every boundary point £. Furthermore, if q = q^ there is no solution with 

isolated singularity at £, i.ee, an isolated singularity at £ is removable. 
In Lipschitz domains the critical value depends on the point. Clearly 
< (/|, but the question whether, in general, q^ = <j| remains open. However 

we prove that, if Q is a polyhedron, q^ = q^ at every point and the function 
£ — > qc obtains only a finite number of values. In fact it is constant on each 
open face and each open edge, of any dimension. In addition, if q = q^, an 
isolated singularity at £ is removable. The same holds true in a piecewise C 2 
domain Q except that £ — > q^ is not constant on edges but it is continuous 
on every relatively open edge. 

For general Lipschitz domains, we can provide only a partial answer to 
the question posed above. 

We say that f2 possesses a tangent cone at a point £ G <9$7 if the limiting 
inner cone with vertex at £ is the same as the limiting outer cone at ^. 

Theorem 1.13. Suppose that Q possesses a tangent cone Cj? at a point 
£ G dQ and denote by q c ^ the critical value for this cone at the vertex £. 
Then 

n - J - a 

Q£ — <?£ — Qc,£- 
Furthermore, if 1 < q < q^ then 5^ is admissible, i. e. , 

M i := j K(x,£) q p(x)dx < oo. 
Jn 

We do not know if, under the assumptions of this theorem, an isolated 
singularity at ^ is removable when q = q c ^. It would be useful to resolve 
this question. 

E. The generalized boundary value problem in Lipschitz domains: the sub- 
critical case. 
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In the case of smooth domains, a boundary value problem for equation 
(11.19P is either subcritical or supercritical. This is no longer the case when 
the domain is merely Lipschitz since the criticality varies from point to point. 
In this part of the paper we discuss the generalized boundary value problem 
in the strictly subcritical case. 

Under the conditions of Theorem 11.131 we know that, if £ G d£l and 
1 < q < then K(-,t;) G L^Q). In the next result, we derive, under an 
additional restriction on q, uniform estimates of the norm \\K(-, £)\\ L if n y 
Such estimates are needed in the study of existence and uniqueness. For its 
statement we need the following notation: 

If z G dQ, we denote by S z>r the opening of the largest cone Cs with 
vertex at z such that Cs flB r (z) CflU {z}. If E is a compact subset of dfl 
we denote: 

q% = lim inf {q s :z£ <9f2, dist (z, E) < r\ . 
We observe that 

q* E < ini{q CjZ : z £ E} 
but this number also measures, in a sense, the rate of convergence of interior 
cones to the limiting cones. If O is convex then q E < (N + 1)/(N — 1) for 
every non-empty set E. On the other hand if Q, is the complement of a 
bounded convex set then q* E = (N + 1)/(N — 1). 

Theorem 1.14. If E is a compact subset of dO, and 1 < q < q* E then, there 
exists M > such that, 

(1.25) / K q (x,y)p(x)alx < M \/y£E. 
Jn 

Using this theorem we obtain, 

Theorem 1.15. Assume that £1 is a bounded Lipschitz domain and u is a 
positive solution of (|1.19p . If y G S(u) (i.e. y G d£l is a singular point of u) 
and 1 < q < cff y -, then, for every k > 0, the measure k5 y is admissible and 

(1.26) u > Uks y = solution with boundary trace k5 y . 

Remark. It can be shown that, if q > Q^ y y, (|1.26p may not hold. For instance, 
such solutions exist if f2 is a smooth, obtuse cone and y is the vertex of the 
cone. Therefore the condition q < q^y for every y G <9f2 is, in some sense 
necessary for uniqueness in the subcritical case. 

As a consequence we first obtain the existence and uniqueness result in 
the context of bounded measures. 

Theorem 1.16. Let E C dO, be a closed set and assume that 1 < q < q%. 
Then, for every fi G 9Jt(S7) such that supp/i C E there exists a (unique) 
solution of (|5.ip in ft with boundary trace /j,. 

Further, using Theorems 11.101 H-111 and I1.14| we establish the existence 
and uniqueness result for generalized boundary value problems. 
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Theorem 1.17. Let Q be a bounded Lipschitz domain which possesses a 
tangent cone at every boundary point. If 

1 <Q<Q*dQ 

then, for every positive, outer regular Borel measure v on d£l, there exists a 
unique solution u of \1.19\) such that tr gn (u) = v. 



2. Boundary value problems 

2.1. Classical harmonic analysis in Lipschitz domains. A bounded 
domain Q, C is called a Lipschitz domain if there exist positive numbers 
ro, Ao and a cylinder 

(2.1) O ro = {£ = (6,0 G R N : \e\ < r , |6| < r } 
such that, for every y G dtt there exist: 

(i) A Lipschitz function ip y on the (N — l)-dimensional ball B' rQ (0) with 
Lipschitz constant > Ao; 

(ii) An isometry T y of R N such that 

TV(y) = 0, (Ty)-\O ro ) := 01, 

(2.2) ry(dn n o^) = {(^(0,0 = £' g # (o)} 

t^(o n o» ) = {(^,0 : £' g b; o (o), -r < £1 < r/>nO> 

The constant ro is called a localization constant of f2; Ao is called a Lzps- 
c/ute constant of f2. The pair (ro, Ao) is called a Lipshitz character (or, briefly, 
L-character) of O. Note that, if O has L-character (ro,Ao) and r' G (0, ro), 
A' G (Ao,oo) then (r',A') is also an L-character of Vt. 

By the Rademacher theorem, the outward normal unit vector exists 'H N ~ 1 — a.e. 
on dQ,, where 7i N ~ l is the N-l dimensional Hausdorff measure. The unit 
normal at a point y G d£l will be denoted by n y . 

We list below some facts concerning the Dirichlet problem in Lipschitz 
domains. 

A.l- Let xo G $7, h G C(<9$7) and denote L XQ (h) := Vh(xo) where Vh is the 
solution of the Dirichlet problem 

-Av = G O 
v = h on (90. 



(2.3) 



Then L Xo is a continuous linear functional on (7(90). Therefore there exists 
a unique Borel measure on dQ, called the harmonic measure in f2, denoted 
by Wq° such that 



(2.4) v h (x ) = / hdu^ Wh G C(dfi). 

When there is no danger of confusion, the subscript will be dropped. 
Because of Harnack's inequality the measures w x ° and oj x , xq, x G are 
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mutually absolutely continuous. For every fixed x £ Q denote the Radon- 
Nikodym derivative by 

(2.5) K(x,y) := ^J(y) for ^°-a.e. y G dto. 

Then, for every x G 0, the function y \-t K(x, y) is positive and continuous 
on d£l and, for every y G d£l, the function x i— > K(x,y) is harmonic in Q 
and satisfies 



lim K(x, y) = Vy G \ {y}. 

x->y 



By m 



(2.6) lim ^4 = K(x,y) Vy G d£l 

Thus the kernel K defined above is the Martin kernel. 

The following is an equivalent definition of the harmonic measure 
For any closed set E C dQ, 

u x °(E) := 

(2 7) 

v ' ' inf{(/>(xo) : <p G C(0)_|_ superharmonic in Q, liminf (f)(x) > 1}. 

x— >E 

The extension to open sets and then to arbitrary Borel sets is standard. 
By fl27jj, (J23J) and ([277)1 . the unique solution u of ([273]) is given by 



= / K{x,y)h(y)dw x °(y) = 
(2.8) J act 

inf{</> G C(fi) : (f> superharmonic, liminf (f>(x) > /i(y), Vy G <9f2}. 

For details see [Til. 



A. 2- Let (xo,yo) ^ ^ x A function u defined in f2 is called a kernel 
function at yo if it is positive and harmonic in Q and verifies v{xq) = 1 and 
\\m x ^ y v(x) = for any y G <9S1 \ {yo}. It is proved in p~¥l Sec 3] that the 
kernel function at yo is unique. Clearly this unique function is K(-,yo). 

A. 3- We denote by G(x, y) the Green kernel for the Laplacian in Q x $7. 
This means that the solution of the Dirichlet problem 

(2.9) { ~ AU = I in ^ Q 
v ' y u = on oil, 

with / G C 2 (J7), is expressed by 

(2.10) u{x) = f G(x,y)f(y)dy Vy G U. 
We shall write (j27TTTh as u = G[f]. 

1 2 

A. 4- Let A be the first eigenvalue of —A in W ' (O) and denote by p the 
corresponding eigenfunction normalized by max^ p = 1. 
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Let < 5 < dist (xo, 0) and put 

C XOjS := max G(x,x )/p(x). 

\x—xo\=5 

Since C XQ s P — G(-,xq) is superharmonic, the maximum principle implies 
that 

(2.11) 0<G{x,x )<C XO)S p(x) Vxen\B s (x ). 

On the other hand, by (171 Lemma 3.4]: for any xq G f2 there exists a 
constant C XQ > such that 

(2.12) < p(x) <C X0 G(x,x ) VxGO. 

A. 5- For every bounded regular Borel measure p, on <9il the function 

(2.13) v{x)= / K(x,y)dn(y) Vxefi, 

Jan 

is harmonic in 0. We denote this relation by v = ~K[p}. 

A. 6- Conversely, for every positive harmonic function v in Q there exists a 
unique positive bounded regular Borel measure p on dil such that (|2. 13|) 
holds. The measure p is constructed as follows |144 Th 4.3]. 

Let SP(fl) denote the set of continuous, non-negative superharmonic 
functions in £1. Let v be a positive harmonic function in $7. 

If E denotes a relatively closed subset of Q, denote by the function 
defined in by 

R$(x) = mf{(/)(x) : G SP(Q), <\> > v in E}. 

Then is superharmonic in f2, R^ decreases as E decreases and, if F is 
another relatively closed subset of then 

Now, relative to a point x £ ft, the measure /i is defined by, 

(2.14) p x v (F) = inf{i?f (x) : E = D n ft, D open in K^, D D F}, 

for every compact set F C dVL. From here it is extended to open sets and 
then to arbitrary Borel sets in the usual way. 

It is easy to see that, if D contains d£l then R® nn = v. Therefore 

(2.15) p x v {dQ) = v{x). 

In addition, if F is a compact subset of the boundary, the function x h-> 
p%{F) is harmonic in 0, and vanishes on d£l \ F. 

A. 7- If x,xq are two points in ft, the Harnack inequality implies that p x 
is absolutely continuous with respect to p x °. Therefore, for ^°-a.e. point 
y G <9ft, the density function dp%/dp x ]°{y) is a kernel function at y. By the 
uniqueness of the kernel function it follows that 

(2.16) ^L(y) = K(x,y), ^°-a.e. y G dQ. 
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Therefore, using (j2.15|) . 

(a) ij*(F)= [ K(x,y)d(j, x °(y), 

(2.17) F 

(b) v(x)= / K{x,y)dn x °{y). 

Jan 

A. 8- By a result of Dahlberg [7J Theorem 3], the (interior) normal derivative 
of G(-,xo) exists %Ar_i-a.e. on <90 and is positive. In addition, for every 
Borel set E C 90, 

(2.18) u x °{E)= lN l dG(S,xo)/dntdSe, 

JE 

where jn(N — 2) is the surface area of the unit ball in W N and dS is surface 
measure on d£l. Thus, for each fixed x £ Q, the harmonic measure uj x 
is absolutely continuous relative to 7^ jv— 1 1 ^ with density function P(x, •) 
given by 

(2.19) P(x,0 = dG(£,x)/dn£ for a.e. £ G dQ. 
In view of (j2.8|) , the unique solution v of (j2.3|) is given by 

(2.20) v(x)= [ P(x,0H0dSz 

Jn 

for every h G C(9J)). Accordingly P is the Poisson kernel for f2. The 
expression on the right hand side of (|2.20p will be denoted by ¥[h]. We 
observe that, 

(2.21) K[hu xo ] = F[h] Vh G C{dfl). 

A. 9- The boundary Harnack principle , first proved in [7J, can be formulated 
as follows [15] . 

Let D be a Lipschitz domain with L-character (tq, Xq). Let £ G 9-D and 
5 G (0, ro). Assume that u, v are positive harmonic functions in D, vanishing 
on dD n Bs(£). Then there exists a constant C = C(N, ro, Ao) such that, 

(2.22) C~ l u{x)/v{x) < u(y)/v(y) < Cu{x)/v(x) Vx, y G B s/2 (t). 

A. 10- Let D, D' be two Lipschitz domains with L-character (ro, Ao). Assume 
that D' C D and dD n dD' contains a relatively open set V. Let xo G D' 
and let denote the harmonic measures of D,D' respectively, relative 

to xq. Then, for every compact set F C T, there exists a constant cf = 
C(F, N, ro, Ao, xo) such that 

(2.23) uj'[f< oj[f< c f u'[ f . 

Indeed, if G, G' denote the Green functions of D, D' respectively then, by 
the boundary Harnack principle , 
(2.24) 

dG'(txo)/dn^ < dG(£,x )/dn ( < c F dG(tx )/dn^ for a.e. £ G F. 
Therefore ([2723|> follows from (gHHj) . 
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A. 11- By |17l Lemma 3.3], for every positive harmonic function v in Q, 

(2.25) / v(x)G(x,x )dx < oo. 

Jn 

In view of (|2TT2l) . it follows that v G L^tt). 

2.2. The dynamic approach to boundary trace. Let H be a bounded 
Lipschitz domain and {Sl n } be a Lipschitz exhaustion of Q. This means that, 
for every n, f2 n is Lipschitz and 

(2.26) n n c n n c n n+h n = un n , u N _i(dn n ) mN-^dn). 

Lemma 2.1. Let xq G f^i and denote by u n (respectively oj) the harmonic 
measure in Vt n (respectively VL) relative to xq. Then, for every Z G C(fi), 



(2.27) Jim / Zdoj n = Zdoj. 

'an n Jan 



n— >oo 



Proof. By the definition of harmonic measure 

du n = 1. 

We extend u n as a Borel measure on Q by setting ui n (Q\dQ n ) = 0, and keep 
the notation oj n for the extension. Since the sequence {uj n } is bounded, there 
exists a weakly convergent subsequence (still denoted by {u n }). Evidently 
the limiting measure, say oj is supported in d£l and 6j(dQ) = 1. It follows 
that for every Z G C(Q), 



Z duj n — > / Z doj. 
an n Jan 



Let £ := Z \qq and z := K [£]. Again by the definition of harmonic measure, 



It follows that 



zdu n = / C duj = z(xq). 
an„ Jan 



/ C dCo = ( duj, 
Jan Jan 



for every £ G C(9fi). Consequently a; = oj. Since the limit does not depend 
on the subsequence it follows that the whole sequence {oj n } converges weakly 
to oj. This implies (pT27) . □ 
In the next lemma we continue to use the notation introduced above. 

Lemma 2.2. Let xq G Qx, let \i be a bounded Borel measure on dO, and put 
v := K n [fj]. Then, for every Z G C(0), 



(2.28) Jim / Zvdu n = I Z dfi. 

" lan n Jan 



n— >oo 
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Proof. It is sufficient to prove the result for positive \i. Let h n := v \aci n - 
Evidently v = K Un [h n ui n ] in 0„ . Therefore 



v(xq) = / h n duj n = //(<9Q). 

Let fi n denote the extension of h n uj n as a measure in Q, such that ^ n (^ \ 
d£l n ) = 0. Then {fi n } is bounded and consequently there exists a weakly 
convergent subsequence {fJ, nj }- The limiting measure, say fl, is supported 
in <9$7 and 

(2.29) fl(dn) = v(x Q ) = n(dQ). 

It follows that for every Z G C(fl), 



Zd/j. rH Zdfl. 



To complete the proof, we have to show that fl = fj,. Let F be a closed 
subset of d£l and put, 

» F = fj, X F, v F = K n \ /J , F }. 

Let h F '■= v F \qq u and let fj, F denote the extension of h F u n as a measure in 
Cl such that fJ> F (£l \ 9Q.fi) = 0. As in the previous part of the proof, there 
exists a weakly convergent subsequence of {pL F .}. The limiting measure fi F 
is supported in F and 

jl F {F) = fl F (dn) = v F {x ) = n F {dV) = n(F). 

As v F < v, we have pF < fl. Consequently 

(2.30) »(F) < fl(F). 

Observe that ft depends on the first subsequence {/%,,}, but not on the 
second subsequence. Therefore (|2.30|) holds for every closed set F C <9$7, 
which implies that fj, < fl. On the other hand, \x and fx are positive measures 
which, by (|2.29|) . have the same total mass. Therefore fj, = fl. □ 

Lemma 2.3. Let fj, G 9Jt(<9il) (= space of bounded Borel measures on dVt). 
Then K[//] G Lp(Q) and there exists a constant C = C(Q) such that 

(2-31) \\^M\ L ^<cM mm - 

In particular if h G L 1 (dQ; to) then 

(2-32) MII W <C||/i|Li (a n iw) . 

Proof. Let xo be a point in f2 and let K be defined as in (12. 5ft . Put = 
G(-,xq) and d = dist(x ,fi). Let (?~o,Ao) denote the Lipschitz character of 

n. 
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By O Theorem 1], there exist positive constants ci(N, ro, Ao, do) and 
co(N, ro, Ao, do) such that for every y G Oft, 

for all x, x' G such that 

(2.34) co\x — y\ < dist (a/, dQ) < \x' — y\ < \x — y\ < — min(do, ro/8). 

Therefore, by (|2. 12|) and (|2.1ip . there exists a constant cz(N, ro, Ao, do) such 
that 



-^\x-y\^<p(x)K(x,y)<c 2 ^\x-y 



2-N 



(X' ) (f)*(X' 

for above. There exists a constant cq, depending on Co, iV, such that, 

for every x <E Q satisfying \x — y\ < \ min(do> r o/8) there exists x' £ ft which 
satisfies (]2.34p and also 

\x — x'\ < Co min(dist (x, dQ), dist (a/, <9Q)). 

By the Harnack chain argument, <j){x) / <f)(x') is bounded by a constant de- 
pending on N, do- Therefore 

(2.35) c^\x - y\ 2 ~ N < p(x)K(x, y) < c 3 \x - y\ 2 ~ N 

for some constant cs(N, ro, Ao, do) and all x G f2 sufficiently close to the 
boundary. 

Assuming that p, > 0, 



/ 



K[p](x)p(x)dx = / / K{x,£)p{x)dxdp{£) < C \\/j,\\ m(dQ) . 
'an Jn 



In the general case we apply this estimate to /x+ and p- . This implies (12.311) . 
For the last statement of the theorem see (12.2ip . □ 

Proposition 2.4. Let v be a positive harmonic function in Q with boundary 
trace p. Let Z G C 2 (£l) and let G G C°°(f2) be a function that coincides 
with x \— > G(x, xo) in QflO for some neighborhood Q of d£l and some fixed 
xq G £1. In addition assume that there exists a constant c > such that 

(2.36) \VZ • VG| < cp. 

Under these assumptions, if £ := ZG then 



(2.37) - / vA(dx = / Zdp. 

Jn Jon 

Remark. This result is useful in a k-dimensional dihedron in the case where 
p is concentrated on the edge. In such a case one can find, for every smooth 
function on the edge, a lifting Z such that condition (|2.36p holds. See Section 
8 for such an application. 

Proof. Let {f2 n } be a C 1 exhaustion of Q. We assume that dfl n C Q 
for all n and xq G Let G n (x) be a function in C 1 (J7 n ) such that G n 
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coincides with G Qn (-,x ) in Qr\U n , G n (-,x ) — > G(-,x ) in C 2 (Q\Q) and 
G„(-, io) — > G(-,Xq) in Lip(fi). If Cn = -^Gn we have, 

— / vAC, n dx = / vd n C,dS = / vZd n G n (^, xq) dS 

= / vZP n "(x ,()dS = I vZdu n . 



By Lemma 

/ vZduj n — > / Z d[L. 
Jdn n JdQ. 

On the other hand, in view of (|2.36p . we have 

AC„ = G n AZ + ZAG n + 2VZ ■ VG n AZ 
in L l p (Q); therefore, 

vA( n dx — > — / fA^dx. 



□ 



Definition 2.5. Let D be a Lipschitz domain and let {D n } be a Lipschitz 
exhaustion of D. We say that {D n } is a uniform Lipschitz exhaustion if 
there exist positive numbers f, A such that D n has L-character (f, A) for all 
n £ N. The pair (f, A) is an L-character of the exhaustion. 

Lemma 2.6. Assume D,D' are two Lipschitz domains such that 

r C dD n dD' C d(D U D') 

where T is a relatively open set. Suppose D,D',DU D' have L-character 
(ro, Ao). Let xq be a point in D Pi D' and put 

do = min(dist (xo, dD), dist (xq, dD')). 

Let u be a positive harmonic function in D U D' and denote its boundary 
trace on D (resp. D' ) by \x (resp. fj,'). Then, for every compact set F C T, 
there exists a constant cf = c(F, ro, Ao, do, N) such that 

(2.38) c^VLf<mLf<cfm'Lf- 

Proof. We prove flgj5§D in the case that D' dD. This implies (j238j) in the 
general case by comparison of the boundary trace on dD or dD' with the 
boundary trace on d{D U D'). 

Let Q be an open set such that Q n D is Lipschitz and 

FcQ, QnDcD', QndDcT. 

Then there exist uniform Lipschitz exhaustions of D and D', say {-Dn} and 
{D' n }, possessing the following properties: 

(i) D' n n Q = D n n Q. 

(ii) xq G D[ and dist (xq, dD[) > \d$. 
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(iii) There exist tq > and \q > such that both exhaustions have 
L-character (vq,Xq). 

Put T n := dD n nQ = dD' n nQ and let uj n (resp. oj' n ) denote the harmonic 
measure, relative to xq, of D n (resp. D' n ). By Lemma \T2[ 



4>u(y) duj n (y) -)■ / 4>dp, 

r n 

and 

cpu(y)duj' n (y) -)■ / 



for every iji G C C (Q). By A. 10 there exists a constant eg = c(Q, rg, Aq, do, N) 
such that 

^|r„< WnLr„< c Q u4 |_iv 
This implies (1^38]) . □ 

2.3. L 1 data. We denote by X(tt) the space of test functions, 

(2.39) X(U) = |?7 G PFo' 2 (°) : P _lAr ? G £°°(^)} • 

Let X + (fi) denote its positive cone. 

Let / G L°°(J7), and let u be the weak W 1,2 solution of the Dirichlet 
problem 

(2.40) - Au = f in O , it = on dn 

If is a Lipschitz domain (as we assume here) then u G C(0) (see |29j). 
Since is a weak VFg 1 ' 2 solution, it follows that the solution of (I2.40p . 
which is unique in C(f2), is given by u = G[f}. If, in addition, |/| < c\p 
then, by the maximum principle, 

(2.41) |u| < (ci/A)p, 

where A is the first eigenvalue of — A in Q. 

In particular, if r\ G X(£l) then r/ G C(f2) and it satisfies 

(2.42) -G[Arj\ = r), 

(2-43) \r]\ < A -1 ||p _1 A77|| ioo p. 

If, in addition, ft is a C 2 domain then the solution of (|2.40p is in C 1 (0). 

Lemma 2.7. Let Q be a Lipschitz bounded domain. Then for any f G Lp(Q) 
there exists a unique u G Lp(Q) such that 

(2.44) - / uAr/dx= [ frjdx Wrj G X(fl). 

Jn Jn 

Furthermore u = G[f]. Conversely, if f G Ll (Ci), f > and there exists 
xq G smc/i £/ia£ G[/](xo) < oo i/ien / G L l p {Q). Finally 

(2-45) ll^llL p (Q)<A _1 |l/llL p (n) 
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Proof. First assume that / is bounded. We have already observed that, in 
this case, the weak W^' 2 solution u of the Dirichlet problem (|2.40p is in C(Ci) 
and u = G[f]. Furthermore, it follows from [3] that 



Vr? • Vudx = — I uArjdx. 
Jn 

Thus u = G[f] is also a weak L 1 solution (in the sense of (|2.44p ). 

Let 770 be the weak W ' 2 solution of (|2.40p when / = sgn(u)p; evidently 
r? G X(fi). If u G L*(Q) is a solution of ([2"13]) for some / G then 

(2.46) / |u|pdx = / frfydxKhT 1 [ \f\pdx. 
Jn Jn Jn 

The second inequality follows from (|2.4ip . This proves ()2.45p and implies 
uniqueness. 

Now assume that / G L p (Q) and let {/ n } be a sequence of bounded 

1 2 

functions such that f n — > f in this space. Let u n be the weak W ' solution 
of (|2.40p with / replaced by f n . Then u n satisfies (|2.44j) and u n = G[/ n ]. 
By (|2.45p . {u n } converges in Lp(Q), say u n — > u. In view of (|2.1ip it follows 
that u = G[f] and that u satisfies (|2.44j) . 

If / G L]JQ), f > and G[f](x ) < 00 then, by (EH, / G □ 

Lemma 2.8. Le£ Q be a Lipschitz bounded domain. If f G L p (Q) and 
h G L 1 ((9il;a;), i/iere exists a unique u G ii(^) satisfying 

(2.47) / (-uAn - frj) dx = - [ ¥[h]Arjdx Vrj S X(O) 

Jn 

or equivalently 

(2.48) tt = G[/]-P[/»]. 
T/ie following estimate holds 

(2.49) HlLj(n)<c(ll/ILi(n) + 11^111^(0), 



^ c I H-' Hzi(fi) + H"iii 1 (9n,w) 



Furthermore, for any nonnegative element 77 G we Ziowe 

(2.50) - / \u\ Arj dx < - F[\h\]Ar]dx + nfsgn(u)dx, 

Jn Jn Jn 



and 



(2.51) — / u+An dx < — / P[/i+] Andx + / t]fsgn + (u)dx. 

Jn Jn Jn 

Proof. Existence. By Lemma [2. 3 [ the assumption on /i implies that 
L p (Q). If we denote by v the unique function in L p (p,) which satifies 

- / vArjdx = - I frjdx V77 G X(O), 
if] 7n 
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then u = v- ¥[h] G ij(fl) and (T2T4TD holds. 

By Lemma fl23ED is equivalent to <^J7\) . 
Estimate [2~j9] ) This inequality follows from ff2T47|) and <[2~S5]) . 

Estimate \2. 51\) . Let {Sl n } be an exhaustion of £1 by smooth domains. If ii 
is the solution of (|2.47p and h n := u\qq then, in ft n , 



u = G n "[/] -P n "[/i n ] in n 



n ; 



or equivalently, 



(2.52) / (-uArj -frj)dx = - I P[h n }Ar]dx 

(dr ) /dn)h n dx Vr? G 



' <9S1„ 

We recall that, since f2 n is smooth, r/ G X($7 n ) implies that 77 G C 1 (fi n ). In 
addition it is known that (see e.g. |3Uj). for every non-negative t] G X(p, n ), 



dx 



(2.53) / (— \u\Ar] — fr/ sign u) dx < — / drj/dn\h n 

Let p n be the first eigenfunction of —A in Q n , normalized by p n {x) = 1 for 
some x, G Let 77 be a non-negative function in X(Q) and let 77 n be the 
solution of the problem 

Az = (Arj)p n /p in fl n , z = on 9f2 n . 

Then rj n G X(f2 n ) and, since p n — )• p, 

Ar? n -> A??, t/„ -> 77. 

If t; := lPrift.ll then t; > lul so that 



^ n : ~ v \an n — l^ n l 



Therefore 



(2.54) — / drj n / dn\h n \dx < — / <9?7/<9n|/i n |dx = 

- / P^ n [/i n ]Ar/ n (ix = - / vAri n dx ->• - / vAijdx. 
Finally, (T2331 and (12311 imply (fCT) . 

Estimate ()2.51[) This inequality is obtained by adding (|2.47p and ()2.50p . □ 

Definition 2.9. We sftoZZ say that a function g : R 1— >• M belongs to <5(R) i/ 
it is continuous, nondecreasing and g(0) = 0. 

Lemma 2.10. Ze£ Q be a Lipschitz bounded domain and g G G(M). If 
f G Lp(Q) and h G L 1 (9Q;a;), there exists a unique u G L l p {Tl) such that 
g(u) G Lp(Q) and 

(2.55) (-uArj+(g(u)-f)rj)dx = - ¥[h]Ar]dx Vr? G X(O). 
in in 
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The correspondence (/ ,h) i— )■ u is increasing. 

If u, v! are solutions of (I2.55j) corresponding to data f, h and /', h! respec- 
tively then the following estimate holds: 

(2.56) \\u - « 7 || L i ( n) + bW - 9{u')\\ L i iQ) 

^ c (\\f ~ n LU n) + \\nh-h'}\\ Llp{n) 



- c [\\f /'IL^ + p ^'ILi^tj) 

Finally, for any nonnegative element r\ G -X'(fi), we /iaue 

(2.57) — / |n|Ar/dx+ / |g(u)|r/ da; < — / P[|/i|]Ar7dx + / nfsgn(u)dx, 

Jn Jn Jn Jn 

and 

(2.58) — / u + Andx + / g(u) + r/dx < — F[h + ]Andx + / nfsgn + (u) dx. 

Jn Jn Jn Jn 

Proof. If u, u' are two solutions as stated above then v = u — v! satisfies 

(2.59) / (-vArj + Frj) dx = - F[h - h']Ahdx \/n G X(Q) 
Jn Jn 

where F = g(u) - g(u') - (/ - /') G Lp(Q). Applying (|2.50p to this equation 
and using the properties of g described in Definition 12.91 we obtain (|2.56|) . 
Similarly we obtain (|2~5Tjl and (12381) . using (l230j) and (l23Tj) . These in- 
equalities imply uniqueness and monotone dependence on data. 

In the case that / and h are bounded, existence is obtained by the stan- 
dard variational method. In general we approach / in Lp(Q) by functions 
in C^°(r2) and h in L l (d£l; u) by functions in C(dQ) and employ (|2.56p . □ 

3. Measure data 

Denote by 9Jt p (fi) the space of Radon measures v in Q, such that p\u\ is a 
bounded measure. 

Lemma 3.1. Let Q be a Lipschitz bounded domain. Let v G 9Jtp(0) and 
u G Lj oc (Q) be a nonnegative solution of 

—Au = v in fL 

Then u G L*(Q) and there exists a unique positive Radon measure \i on dQ 
such that 

(3.1) u = %] + G[i/]. 

Proof. Let D be a smooth subdomain of such that D C SI. Since ii G 
^ioc(^) f° r some P > 1 it follows that u possesses a trace, say ho, in 

W 1- p' p (aD). Put v := u - G D [u] . Then -Av = in D and v > on 
<9.D and therefore in Z). If {D n } is an increasing sequence of such domains, 
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converging to Q, then G Dn [u] | Gp[v]. Thus v = u — G n [z>] is a non- 
negative harmonic function in f2 and consequently possesses a boundary 
trace /u G 9Jt(<9Sl) such that t> = □ 

Lemma 3.2. Lei Vt be a Lipschitz bounded domain. If u G 9Jtp(Sl) and 
/i, G 9Jt((9il), i/iere exists a unique u G L l p (£l) satisfying 

(3.2) / -uAi]dx= / r/aV- / K[(j]Arjdx Vr? G X(O). 
in in in 

T/iis is equivalent to 

(3.3) u = G[i/]+K[/x]. 
T/ie following estimate holds 

( 3 - 4 ) IMLj(n) < c (ll^llanpCn) + H K MllLi(n)) 

- c (iMIart^o) + ll^llan(en)) • 

In addition, if du = fdx for some f G Lpif^) then, for any nonnegative 
element ij G X(Q), we have 

(3.5) — / \u\Ai]dx<— / K[|/u|]Ar/(ix + / rjfsgn(u)dx, 

in in in 

and 

(3.6) — / u + Andx < — / K[fi + ]Ar]dx + / nfsgn + (u) dx. 

in in in 

Proof. We approximate /i by a sequence {/i n P(xo, •)} and f by a sequence 
{/„} such that 

h n p(x , •) e L^an), /inP(x , o^jv 

_i — >■ weakly in measure 

and 

fn G £p(^)> fn—'V weakly relative to Cp(O), 
where C p denotes the space of functions £ € C(O) such that p£ G L°°(f2). 
Applying Lemma [2751 to problem (|2.49p (/, h replaced by f n ,h n ) and taking 
the limit we obtain a solution u € L\(P) of (|3.2p satisfying (|3,4p . 

Lemma 12.71 implies that any solution u of (j3.2|) satisfies (|3.3p . Therefore 
the solution is unique and hence (|3.4j) holds for all solutions. 

Inequalities (|3.5p and ()3.6|) are proved in the same way as the correspond- 
ing inequalities in Lemma 12.81 □ 

Definition 3.3. Let Q be a bounded Lipschitz domain and let g G <5(K). // 
H G 9Jt((9il), a function u G Lp(Cl) is a weak solution of 

, . f -Au + #(u)=0 mil 

1 u = [i in dQ, 

if 9( u ) G ^p(^) an ^ 

(3.8) u + G[g(it)] = K[/u] 
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a.e. in fL Equivalently 

(3.9) / {-uAn + g(u)r]) dx = - QK[/i] A77) dx V77 G X(Q). 
Jn Jn 

The measure \i is called the boundary trace of u on dfl. 

Similarly a function u G LpiP) is a weak supersolution, respectively sub- 
solution, of (I3.7P if g{u) G L p (Q) and 

(3.10) u + G[g(u)} > K[/j] respectively u + G[g(u)] < K[fi\. 

This is equivalent to (13.91) . with = replaced by > or <, holding for every 
positive n G X(Q). 

Remark. It follows from this definition and Lemma 12. 101 that, if 

— A* weakly in 9Jl(d£l), u n — > u, g{u n ) —> g(u) in LJQ), 

and if 

u n = K[n n ] - G[g(u n )], 

then u = K[/j] - G[g(u)}. 

Lemma 3.4. Let Q be a Lipschitz bounded domain and let g G Q . Suppose 
that [i G 9Jt(<90) and that there exists a solution of problem (|3.7p . Then the 
solution is unique. 

If fjb,fi' are two measures in Tl(dQ), for which problem (|3.7p possesses 
solutions u, u' respectively, then the following estimate holds: 

(3.11) \\u - u'|| £ i (n) + \\g(u) - g(u')\\ L i {n) < \\K\ji - M']|| L i (n) ) 

- Ik ~~ M llart(dn) • 

If H < then u < u'. 

In addition, for any nonnegative element n G we have 

(3.12) - / (|«| A77- \g(u)\rj)dx < - / K[\fi\]Ar}dx 

Jn Jn 

and 

(3.13) - / (u+ Arj - g{u) + rj) dx < - / K[fi + ]Ar]dx. 

Jn Jn 

Proof. This follows from Lemma 13.21 in the same way that Lemma 12.101 
follows from Lemma 12.81 □ 



Definition 3.5. Assume that u G W,J?(fi) /or some p > 1. We say that 
u possesses a boundary trace \i G 9Jl(dQ) if, for every Lipschitz exhaustion 

{n n } fn, 

(3.14) lim / Zuduj n = I Z d/j,, 

n ->°° Jan n J an 

holds for every Z G C{Cl). 

Similarly we say that u possesses a trace fj, on a relatively open set A C <90 
if (j3.14j) holds for every Z G C(O) such that suppZ C O U A. 
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Remark. If u E W,'^{fl) for somep > 1 then, by Sobolev's trace theorem, for 
every relatively open [N — 1)- dimensional Lipschitz surface S, u possesses a 

trace in W 1 In particular the trace is in L 1 (S). In fact there exists 

an element of the Lebesgue equivalence class of u such that the trace on £ 
is precisely the restriction of u to E. When it is relevant, as in (13.14p . we 
assume that u is represented by such an element. 

If u E W 1,P {Q>) then, by the same token, u possesses a trace in W 1 ~p' p (dfl). 
If {fl n } is a uniform Lipschitz exhaustion and h n (resp. h) denotes the trace 
of u on dVl n (resp. d£l) then 



W P''(d(l n ) W P"(dCl) 

This follows from the continuity of the imbedding 

and the fact that C^fi) is dense in W lj? (Sl). 

Similarly, if {£l n } is a Lipschitz exhaustion (not necessarily uniform, but 
satisfies (|2.26|) ) then 



ll^nlLi(an n ) ~ f ll"lli 1 (an) • 

In particular, if u E W ' p (£i) then its boundary trace is zero, in the sense 
of the above definition. 

Proposition 3.6. Let u be a weak solution of (j3.7|) . If {Q n } is a Lipschitz 
exhaustion of Q then, for every Z E C(Cl), 



(3.15) lim / Zuduj n = I Z dfi, 

n^oo J 9Un J dn 

where uj n is the harmonic measure of Q, n {relative to a point xq E Oi). 

Proof. If v := G[g o u] then v E L (£1) and u + v is a harmonic function. By 
u + v = K [fj]- Therefore, by Lemma \2.2\ 



(3.16) lim / Z{u + v)dui n = / Z dfj, 

n ^°° Jdn„ Jon 

for every Z E C(Q). As v E iyQ' p (r2) for some p > 1 its boundary trace is 
zero. Therefore (|3.16p implies (|3,15p . □ 

Definition 3.7. A measure fi E 971(90) is called g- admissible if g(K>[\fi\]) E 

Lj(n). 

Theorem 3.8. // /i is g-admissible then problem (j3.7|) possesses a unique 
solution. 

Proof. First assume that > 0. Under the admissibility assumption, U = 
K[fj] is a supersolution of (|3.7p . Let {D n } be an increasing sequence of 
smooth domains such that D n C D n+ \ C £1 and D n f O. Let u n be the 



solution of problem (|3.7p in D n with boundary data h n = U\ dD . Then 
{u n } decreases and the limit u = \\mu n satisfies (|3.7p . 



Furthermore 
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In the general case we define U = IK[|/u|] and U, u n as before. By assump- 
tion g(U) G Lp(fl) and U dominates \u n \ for all n. Let rj be a non-negative 
function in X(Q) and let £ n be the solution of the problem 

AC = (Arj)p n /p in D n , ( = on dD n . 
Then Q n G X(D n ) and, since p n — >• p, 

(AC„) -»■ (A??), Cn -> »7- 
In addition, (A£ n )/p n = {Arj)/p is bounded and, by (|2.4ip . the sequence 
{Cn//°n} is uniformly bounded. 
The solutions u n satisfy, 

(3.17) / (-u n A( n + g(u n )( n )dx = - f F D "[h n }A( n dx. 

JD n JD n 

The sequence {u^ : k > re} is bounded in W 1,p (D n ) for every n. Conse- 
quently there exists a subsequence (still denoted by {«„}) which converges 
pointwise a.e. in £1. We denote its limit by u. Since {u n } is dominated by 
U it follows that 

lim / (-u n A( n + g(u n )C n ) dx = / (-uArj + g(u)rj) dx. 
n ^°° JD n Jn 

nore, 

¥ Dn [h n ]A( n dx = / UAr)(p n /p)dx -»• / UArjdx= / K[/i]Ar/dx. 

Thus it is the solution of f|3.7j) . □ 

Remark. If we do not assume that <?(0) = the admissibility condition 
becomes, 

(3.18) g(K[p + ] + p(g(0)) + ) G Lj(J2) and g(-K[p„] - p(g(0))-) G Lj(fi). 

4. The boundary trace of positive solutions 

As before we assume that fiis a bounded Lipschitz domain and g G Q. 
We denote by p the first eigenfunction of —A in Vt normalized by p(xq) = 1 
at some (fixed) point xq G Q. 

A function u G Lj oc (Cl) is a solution of the equation 

(4.1) -Au + g(u) = in SI, 

if (7 o u G (f&) and u satisfies the equation in the distribution sense. 

A function u G Lj oc (Q.) is a supersolution (resp. subsolution) of the 
equation (|4.ip if g o u G Lj oc (Q) and 

—An + 5 o it > (resp. < 0) 

in the distribution sense. 

Proposition 4.1. Let u be a positive solution of (|4.ip . If g o u G ii(O) 
i/ien u G ^p(fi) and it possesses a boundary trace p G Wl(dQ), i.e., u is the 
solution of the boundary value problem (|3.7p with this measure p. 
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Proof. If v := G[g o n] then v G L p (Q) and n + v is a positive harmonic 
function. Hence it + u G Lp(f2) and there exists a non-negative measure 
/x G 971(30) such that n + v = K[fj]. In view of (|3.8p . this implies our 
assertion. □ 

Lemma 4.2. If u is a non-negative solution of (|4.ip i/ien u G C 1 (il). 

Let {u n } be a sequence of non-negative solutions of (|4.ip which is uni- 
formly bounded in every compact subset of f2. Then there exists a subse- 
quence {u n } which converges in C (&') for every Q' <<= f2 to a solution u of 

i£B. 

Proof. Since g o u £ L 1 1 oc (0) it follows that u G W lo |f (fi) for some p G 
[1, N/(N — 1)). Let fi' be a smooth domain such that Q' <§= f2. By the trace 
imbedding theorem, u possesses a trace h G L 1 (9r2 / ). If U is the harmonic 
function in f2' with boundary trace h then u < U. Thus n (and hence 
5 on) is bounded in every compact subset of By elliptic p.d.e. estimates, 

The second assertion of the lemma follows from the first by a standard 
argument. □ 

Theorem 4.3. (i) Let u be a non-negative supersolution (resp. subsolution) 
°f (|4.ip . Then u G W lo f(Q) for some p G [1,N/(N — 1)). In particular, if 
Q' is a C 1 domain such that £1' <s fl then u possesses a trace h G L l {d£l'). 

(ii) Ifu is a positive supersolution, there exists a non-negative solution u < u 
which is the largest among all solutions dominated by u. 

If u is a positive subsolution and u is dominated by a solution w of (|4.ip 
then there exists a minimal solution u such that u < u. In particular, if 
g G Q satisfies the Keller- Osserman condition then such a solution exists. 

{Hi) Under the assumptions of (ii), if g o u G L p (Q) (resp. go u G L (Vl)) 
then the boundary trace of u (resp. u) is also the boundary trace of u in the 
sense of Definition \3.5[ 

Proof. First consider the case of a supersolution. Since — Au + g(u) > 
there exists a positive Radon measure r in such that 

—An + g(u) = t in f2. 

Therefore n G W^ f(Q) and consequently n possesses an L 1 trace on d£l' for 
every ft' as above. 

Next, let be a C 1 exhaustion of Q which is also uniformly Lipschitz. 
Let v n be the solution of the boundary value problem 

(4.2) — Av + g(v) = in Q n , v = u on <9il n . 

Since u possesses a trace in L l (dQ. n ) this boundary value problem possesses a 
(unique) solution. By the comparison principle < v n < u in £l n . Therefore 
the sequence {v n } decreases and consequently it converges to a solution n 
of (|4.ip . Evidently this is the largest solution dominated by n. 
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Now suppose that g o u G (but not necessarily g o u £ L^(O)). By 

Proposition 14.11 u G -^p(^) and u possesses a boundary trace ix. By the 
definition of v n , 

uduj n = P Q "(x ,y)u{y)dS = v n {x )+ G Qn (x,x )g(v n (x))dx 



u(xq) + / G (x, xo)g(u(x))dx. 



in 

Hence, taking a subsequence if necessary, we may assume that 
where // is a measure on d£l such that 



n'(dSl)=u(x )+ / G Q (x,x )g(u(x))dx. 



in 

On the other hand, as fi is the boundary trace of u, 



u(xq) + / xo)g(u(x))dx = fi(dd). 



in i 

>n 

Thus n(dQ) = n'(dQ). However, as u < u, we have [x < /i'. This implies 
that fj, = fj,'. 

Next we treat the case of a subsolution. The proof of (i) is the same as 
before. We turn to (ii). In the present case, the corresponding sequence 
{v n } is increasing and, in general, may not converge. But, as we assume 
that u is dominated by a solution w, the sequence converges to a solution u 
which is clearly the smallest solution above u. In particular, if g satisfies the 
Keller-Osserman condition then {v n } is uniformly bounded in every compact 
subset of $7 and consequently converges to a solution. 

The proof of (hi) for subsolutions is again the same as in the case of 
supersolutions. □ 

Corollary 4.4. I. Let u be a non-negative super solution of (14. ID . Let A be 

a relatively open subset of d£l. Suppose that, for every Lipschitz domain Q' 
such that 

(4.3) q' c n, on' none A, 

we have 

(4.4) goueLl(Q'). 

Then both u and u possess traces on A and the two traces are equal. 

II. Let u be a non-negative subsolution of (|4.ip . Let A be a relatively open 
subset of dQ,. Suppose that for every Lipschitz domain Vt' satisfying (|4.3j) 
we have 

(4.5) goueL l p {Q!). 

Then both u and u posses traces on A and the two traces are equal. 
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Proof. Let u be a supersolution and let ft' be a domain as above. Denote 
by p' the first eigenfunction of —A in ft' normalized by p'(xo) = 1 for some 
xq G ft'. Since p' < cp, (|4.3p implies that g o u £ Lz,{p!). Let u' denote the 
largest solution of (|4.ip in ft' dominated by it. Then g o u' £ LMft') and, 
by Theorem 14.31 u' G L^ft') and yf has a trace v 1 on 90' which is also the 
boundary trace of u on dil. 

Let {ft n } be an increasing uniformly Lipschitz sequence of domains such 
that dQ n n ft is a C 1 surface, D n := ft \ ft n is Lipschitz and 

F n : = dft n \ ft c F n ° +1 C A, Uft n = ft, UF° = A, 

where i 7 ^ is the relative interior of F n . Denote by u n the largest solution 
dominated by u in ft ra and observe that {u n } is decreasing and converges to 
a solution. Obviously this is the largest solution dominated by u, namely, 
u. 

Let r n be the trace of u n on <9ft n . Put v n = r n x Fn - Recall that r n is also 
the trace of u so that 

v 'n = T n - V n = UXea n \F n dS. 

Assertion A. There exists a Radon measure v on A such that v n — v and 
v is the trace of u, as well as of u, on A. 

Let E be a compact subset of A and denote, 

n(E) := inf{m G N : E C i<* }. 

In view of the fact that, for n > n(E), v n is the trace of u, relative to tt n , 
on a set F^/m m which E is strongly contained and the fact that {ft n } is 
Lipschitz, Lemma 12.61 implies that the set {v n {E) : n > n(E)} is bounded. 
By taking a sequence if necessary we may assume that 

Applying this procedure to E = F m for each m G N and then using the 
diagonalization method we obtain a subsequence, again denoted by {fn}, 
such that 

where v is a Radon measure on A (not necessarily bounded). 

Next we wish to show that v is the trace of u on A relative to ft. To this 
purpose we construct a C 1 exhaustion of ft, say {D n }, such that D n <s ft n 
and dD n = T n UT' n where 

r; = dn n n { y g ft : dist ( y , F n ) > e n } 

T n C {y G ft n : dist (y, F n ) < e n }, 
where < e n < |dist (F n , <9ft \ A) is chosen so that 

Hiv_iXr n ^-n-iXa and uxr n duj n -± v. 
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Here dw n is the harmonic measure in D n . This is possible because, if T n is 
sufficiently close to <9Q n , then 

uXT n du) n - V n XF n 0. 

(As usual in this paper, v n XF n denotes the Borel measure in R N that is equal 
to v n on F n and zero elsewhere.) This implies that v is the trace of u on A. 

Since u n is also the trace of u n on F n it follows that, if T n is sufficiently 
close to dQ n , 

HnXr n du n ~ VnXF n ~* 0. 

u we deduce that v is also the trace of u on A 
If u is a subsolution the argument is essentially the same. Let u n be 
the smallest solution that dominates u in O n . Then the sequence {u n } is 
increasing, but it is dominated by a solution w. Therefore it converges to 
a solution and this is the smallest solution dominating u, namely, u. By 
Theorem 14.31 u n and u[ possess the same trace on dQ n . Let r n be the trace 
of u n on dQ n and put v n = r n XF„- The rest of the proof is as before. □ 

Definition 4.5. Let u be a positive supers olution, respectively subsolution, 
°f (|4.ip . A point y € <9S1 is a regular boundary point relative to u if there 
exists an open neighborhood D of y such that g o u G D D). If no such 
neighborhood exists we say that y is a singular boundary point relative to u. 

The set of regular boundary points ofu is denoted by 7Z(u); its complement 
on the boundary is denoted by S(u). Evidently 1Z(u) is relatively open. 

Theorem 4.6. Let u be a positive solution of (|4.ip in Then u possesses 
a trace on lZ{u), given by a Radon measure v. 
Furthermore, for every compact set F C 1Z(u), 

(4.6) / (-uArj + g(u)n) dx = - {K[uXf] At?) dx 

Jn Jn 

for every rj G X(£l) such that supp?] fl d£l C F. 

Proof. The first assertion is an immediate consequence of Corollary 14.41 

We turn to the proof of the second assertion. Let F be a compact subset 
of 1Z(u) and let n £ X(Q) be a function such that the following conditions 
hold for some open set E v : 

supp?] Cflfl E v , FcE^ndtt, E v nS(u) = 0, x E D v := O D E v . 

By Definition 14.51 if D is a subdomain of Q, such that D n S(u) = then 
g o u £ Lp(D), where p is the first normalized eigenfunction of fi. Let E be 
a C 2 domain such that 

E v cE, H/v-i(9n D dE) = 0, EC\S{u) = $. 

Put D := Ef]Q and note that gouE LUD). 

If <p denotes the first normalized eigenfunction in D then <j) < cp for some 
positive constant c. Therefore the fact that g o u G Lp(D) implies that 
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g o u G L^(D) and the properties of r\ imply that i] G X(D). Hence u 
possesses a boundary trace t d on 3D and 



(4.7) / (-uAr) + g(u)rj) dx = - (K D [T D ]Arj) dx. 

JD JD 

Let T = E n dft and r" = 3D \ T; note that T n <S(«) = and ry vanishes 
in a neighborhood of dE n ft. Put TjP = t d \t an d = r c — TjP. Then 
dr®, = udS on T' and, as -u G C(D \ T), 

K D [Tf,} G C(D\T). 

Furthermore rj vanishes in a neighborhood of V and consequently 

I {K D [T$]Ar,)dx = [ I [ P D {x,y)u{y)dS y \ Ar,{x)dx 

JD JD \JdD\r J 

P D (x,y)Ar](x)dx) u(y)dS y = 0. 




dD\T \Jd 



Thus 

(4.8) / {-uArj + g(u)rj) dx = - K D [rf ]Arjdx. 
Jn Jn 

(Changing the domain of integration from D to ft makes no difference since 

rj vanishes in ft \ D.) 

Now, t- is the trace of u on V relative to D while v\ T is the trace of u 

on r relative to ft. Since D C ft it follows that 

(4.9) Tjp < vxv 

Let {E^} be an increasing sequence of C 2 domains such that each domain 
possesses the same properties as E and, 

(4.10) & n on = e n on = r, and D j -.= E j n ft t ft. 

For each j G N and y G T, the function i^-° J (•, y) is harmonic in £)■?', vanishes 
on SI?- 7 \ {y} and K D3 {x$,y) = 1. Furthermore the sequence {K DJ (-,y)} 
is non-decreasing. Therefore it converges uniformly in compact subsets of 
(fi U T) \ {y}. The limit is the corresponding kernel function in ft, namely 
K n (-,y). (Recall that the kernel function is unique.) 

In view of (|4.9|) . the sequence {tS } is bounded. Therefore there exists a 
subsequence, which we still denote by {r^}, such that 

r r r r 

weakly relative to C(T). Combining these facts we obtain, 
Hence, by (g7fl) , 

(4.11) / (-UA77 + 5(14)17) dx = - j (K n [T r ]Ari) dx. 
Jn Jn 
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Finally, as T r s is the trace of u on T relative to Dj then, in view of (14.10P 
the limit rp is the trace of u on V relative to Q, i.e., 



This relation and (|4.1ip imply (|4.6p . 



□ 



Theorem 4.7. I. Let u be a positive supersolution of (|4,ip in O and let u 

be the largest solution dominated by u. Then, 



Both u and u possess a trace on lZ(u) and the two traces are equal. 

II. Let u be a positive subsolution of (|4.ip in 0, and let u be the smallest 
solution which dominates u. If u is dominated by a solution w of (|4.ip then 
both u and u possess a trace on lZ(w) (which is contained in 1Z(u)) and the 
two traces are equal on this set. 

In particular, if TZ(w) = TZ(u) then (|4.12p . with u replaced by u, holds 
and both u and u possess a trace on TZ(u), the two traces being equal. 

III. Let v denote the trace of u on TZ(u). Then, for every compact set 

f c n(u), 



for every r/ € X(£l), rj > 0, such that suppr/ Pi dQ C F. 

Proof. Part I. is a consequence of Corollary 14.41 1. 

The first assertion in II. follows from Corollary 14.41 II. with A = lZ(w). 
The second assertion in II. is an immediate consequence of the first. 

By Theorem 14.61 u (resp. u) satisfy (|4.6p . where v is the trace of u (resp. 
u) on TZ(u). Since v is also the trace of u on TZ(u) we obtain statement 
III. □ 

Theorem 4.8. Assume that g G Q satisfies the Keller- Osserman condition, 
(i) Let u be a positive solution of (|4.ip and let {£l n } be a Lipschitz exhaustion 
o/O. If y £ S(u) then, for every nonnegative Z £ C(f2) such that Z(y) ^ 



(ii) Let u be a positive supersolution of (I4.ip and let {Q n } be a C 1 exhaustion 
of Q. If y £ <S(u) then (|4.14p holds for every nonnegative Z G (7(0) such 
that Z(y) / 0. 

The proof of satement (i) is essentially the same as for the corresponding 
result in smooth domains [24l Lemma 2.8] and therefore will be omitted. In 
fact the assumption that g satisfies the Keller-Osserman condition implies 
that the set of conditions II in [241 Lemma 2.8] is satisfied. Here too, the 
Keller-Osserman condition can be replaced by the weaker set of conditions 
II in the same way as in |24j . 

Part (ii) is a consequence of Theorem 14.71 and statement (i) . □ 



(4.12) 



S(u) = S{u), U{u) = K(u). 




> — j n (K[vxf]^) dx, u supersolution 
< — j n (1K[^Xf]A??) dx, u subsolution 



(4.14) 
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Definition 4.9. Let g £ Q . Let u be a positive solution of (|4.ip with regular 
boundary set H(u) and singular boundary set S(u). The Radon measure v 
in 7Z(u) associated with u as in Theorem \4.6\ is called the regular part of the 
trace of u. The couple (v,S(u)) is called the boundary trace of u on dQ. 
This trace is also represented by the (possibly unbounded) Borel measure v 
given by 

(4.15) HE) = { V(E) ' i,ECniU) 

loo, otherwise. 

The boundary trace of u in the sense of this definition will be denoted by 
Let 

(4.16) V v := sup{u„ XF : F C 1Z(u), F compact} 

where u VXF denotes the solution of (|3.7p with fx = vxf- Then V v is called 
the semi-regular component of u. 

Remark. Let r be a Radon measure on a relatively open set A C d£l. 
Suppose that for every compact set F C A, u TXF is defined. If V T is defined 
as above, it need not be a solution of (|4.1j) or even be finite. However, if g 
satisfies the Keller-Osserman condition or if u TXF is dominated by a solution 
w, independent of F, then V T is a solution. 

Definition 4.10. A compact set F C dQ is removable relative to (|4.ip if 
the only non-negative solution u G C(€l\F) which vanishes on Cl\F is the 
trivial solution u = 0. 

Remark. In the case of power nonlinearities in smooth domains there exists 
a complete characterization of removable sets (see [23] and the references 
therein). In a later section we shall derive such a characterization for a 
family of Lipschitz domains. 

Lemma 4.11. Let g G Q and assume that g satisfies the Keller-Osserman 
condition. Let F C dVt be a compact set and denote by Uf the class of 
solutions u of (|4.ip which satisfy the condition, 

(4.17) u£C(n\F), u = ondn\F. 
Then there exists a function Uf £Uf such that 

u < Uf Vn 6 Uf- 

Furthermore, S(Uf) ='■ F' C F; F' need not be equal to F. 

The proof is standard and will be omitted. 

Definition 4.12. Uf is called the maximal solution associated with F . The 
set F' = S{Uf) is called the g-kernel of F and denoted by k g {F). 
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Note. The situation S{Uf) Q F occurs if and only if there exists a closed 
set F' C F such that F \ F' is a non-empty removable set. In this case 
U F = U F >. 

Lemma 4.13. Let F\,F 2 be two compact subsets of dVt. Then, 

(4.18) F x C F 2 => U Fl < U F2 
and 

(4.19) U FlUF2 < U Fl + U F2 . 

If F is a compact subset of d£l and {N^} is a decreasing sequence of 
relatively open neighborhoods of F such that iV^+i C and CiN^ = F then 

(4.20) Uff k -> U F 
uniformly in compact subsets of VI. 

Proof. The first statement is an immediate consequence of the definition of 
maximal solution. 

Next we verify (|4.20|) . By (|4.18|) the sequence {Uft } decreases and there- 
fore it converges to a solution U. Clearly U has trace zero outside F so that 
U < Up On the other hand, for every k, Ujj > Up. Hence U = Up 

We turn to the verification of (14. 19h . Let u be a positive solution of (|5.ip 
which vanishes on dVt \ {F\ U F2). We shall show that there exists solutions 
u\ , U2 of (|5.1j) such that 

(4.21) Ui = ondVL\F i} u<ui+u 2 . 

First we prove this statement in the case where FiD F 2 = 0. Let E\, E 2 be 
C 1 domains such that EiC\E 2 = and F, C EiPidH, (i=l,2). Let {£l n } be a 
Lipschitz exhaustion of £1 and put A n j = dVt n n Ei, (i=l,2). Let v n ^ be the 
solution of (|5.1|) in £l n with boundary data u\a an d v n be the solution in 
U n with boundary data u(l - XA n ^uA na )- Then 

u < v n + v n> i + V n> 2- 

By taking a subsequence if necessary we may assume that the sequences 
{v n }, {v n ,i}> { v n,2\ converge. Then \xmv nj i = Ui where Ui vanishes on 
dQ \ Ei, (i=l,2). In addition, as the trace of u on d£l \ (F\ U F 2 ) is zero, we 
have limt> n = 0. Thus 

u<Ui + U 2 . 

Now take decreasing sequences of C 1 domains {E^ i}, {£^2} such that 

e k1 c\e K2 = $, FiCE^ndn, E k>i ndniFi 1 = 1,2. 

Construct Uk,i corresponding to E^i in the same way that Ui corresponds 
to Ei. Then, 

u < U k ,i + £4,2 
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and, by (I4.20p . taking a subsequence if necessary, 

Ui := lim Uk,i = on dQ \ Fj , i = 1, 2. 

k— too ' 

This proves (|4.2ip in the case where Fi,F 2 are disjoint. 

In the general case, let {Nj} be a decreasing sequence of relatively open 
neighborhoods of F\ n F2 such that 

N j+1 cN j7 nN j = F 1 nF 2 . 
Put Fj 2 = F2 \ Nj. Let {Mj} be a decreasing sequence of relatively open 
neighborhoods of F% such that 

M j+1 c Mj, DMj = Fx, Mj n Fj 2 = 0. 

VutF' hl :=M r 

Let u j be the largest solution dominated by u and vanishing on the com- 
plement of F'j ! U Fj 2 : 

90 \ (F^ U Fj )2 ) = dn \ ((F U F 2 ) \ (Nj \ Mj)) 

= (dfl \ (Fi U F 2 )) U (Nj \ Mj). 

Furthermore, (u — Uff j \Mj)+ is a subsolution which is dominated by u and 
vanishes on the complement of Fj x U Fj 2 . Therefore Vj satisfies 

u>Vj > (u-U RAM .)+, 

which implies, 

< u- vj < U N .\ M . < U Nj . 
By (|4.20p . Uft. i Uf 1 c\F 2 - Taking a converging subsequence Vj i — > v we obtain 

< u — v < UF 1 nF 2 - 

By the previous part of the proof there exist solutions Vj t i, Vj :2 , whose 
boundary trace is supported in Fj l and Fj 2 respectively, such that 

Vj < v jtl + v j;2 . 

Taking a subsequence we may assume convergence of {^,1} an d {^,2}- Then 
Ui = limwj 5 j has boundary trace supported in Fj. Finally, 

U < V + UF 1 nF 2 < u l + u 2 + U FinF 2 

and tr en wi is supported in F\ while tr an (u2 + Up 1 nF 2 ) is supported in F 2 . 
Since u — u\ is a subsolution dominated by the supersolution u 2 + Uf 1 hf 2 
there exists a solution w 2 between them and we obtain 

u < U\ + w 2 

where tr a nW 2 is supported in F 2 . □ 
The next theorem deals with some aspects of the generalized boundary 
value problem: 

— An + o o u = 0, u > in $7, 
(4.22) , _ 



BOUNDARY TRACE IN LIPSCHITZ DOMAINS 35 

where F C dQ is a compact set and v is a (non-negative) Radon measure 
on dn \ F. 

Theorem 4.14. Let g G Q and assume that g is convex and satisfies the 
Keller-Osserman condition. 

Existence. The following set of conditions is necessary and sufficient for 
existence of a solution u of (I4.22p : 

(i) For every compact set E C dVt \ F , the problem 

(4.23) — An + g{u) =0 in U, u = v\e on dU, 

possesses a solution. 

(ii) If k g {F) = F' , then F\F' C S{V U ). 
When this holds, 

(4.24) V v <u<V v + U F . 

Furthermore if F is a removable set then (j4.22p possesses exactly one solu- 
tion. 

Uniqueness. Given a compact set F C dQ., assume that 

(4.25) Ue is the unique solution with trace (0,k g (E)) 

for every compact E C F. Under this assumption: 

(a) If u is a solution of (14.22h then 

(4.26) max(K, U F ) < u < V v + U F . 

(b) Equation (|5.ip possesses at most one solution satisfying (I4.26p . 

(c) Condition (|4.25p is necessary and sufficient in order that (|4.22p posses 
at most one solution. 

MONOTONICITY. 

(d) Let u\,U2 be two positive solutions of (|4.ip with boundary traces (v\,Fi) 
and (z/2,-^2) respectively. Suppose that F\ C F2 and that v\ < viXf x ='■ v' 2 . 
If (ET251) holds for F = F 2 then u 1 <u 2 . 

Proof. First assume that there exists a solution u of (|4.22p . By Theorem l4.6l 
condition (i) holds. Consequently V u is well defined by (|4.16p . 

Since V u < u the function w := u — V v is a subsolution of (|4.ip . Indeed, 
as g is convex and g(0) =0 we have 

(4.27) g(a) + g(b) < g(a + b) Va,6eM+. 
Therefore 

= -Aw + (g(u) - g{V u ) > -Aw + g(w). 

By Theorem I4.3( as g satisfies the Keller-Osserman condition, there exists a 
solution w of (14. ip which is the smallest solution dominating w. 

By Theorem 14. 7\ the traces of w and w are equal on A = TZ(u) C TZ(w). 
Clearly the trace of w on lZ(u) is zero. The definitions of V v and w imply, 

(4.28) max(K, w) <u<V u + w. 
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Therefore 



S(w)US(V v ) =S(u). 



In addition, as w has trace zero in d£l \ F, it follows, by the definition of the 
maximal function, that 

w <Uf and consequently S{w) C k g (F). 

These observations imply that condition (ii) must hold. Inequality (|4.24p 
follows from (|4.28p and this inequality implies that if F is a removable set 
then (I4.22D possesses exactly one solution. 

Now we assume that conditions (i) and (ii) hold and prove existence of a 
solution. The function V u is well defined and V u + Up is a supersolution of 
(|4.ip whose boundary trace is (^, F). Therefore, by Theorem l4.7l the largest 
solution dominated by it has the same boundary trace, i.e. solves (|4.22p . 

Next assume that condition (|4.25p is satisfied. It is obvious that (|4.25p is 
necessary for uniqueness. In addition, (14.251) implies that Uf < u and conse- 
quently (14.24h implies (14.26p . It is also clear that (b) implies the sufficiency 
part of (c). 

Therefore it remains to prove statements (b) and (d). Let u be the small- 
est solution dominating the subsolution max(V^, Uf) and let v be the largest 
solution dominated by V v + Uf- 

To establish (b) we must show that u = v. By (|4.26p v — u < V v . In 
addition the subsolution v — u has trace zero on dVt \ F. Therefore 



Let {iVfc} be a decreasing sequence of open sets converging to F such that 
Nk+i <s iVfc. Assuming for a moment that v is a finite measure, the trace of 
V u on iVfc is i>k '■= v XN k and it tends to zero as k — > oo. Therefore, in this 
case, 



and hence u = v. Of course this also implies uniqueness (statement (c)) in 
the case where v is a finite measure. 

In the general case we argue as follows. Let Vk be the unique solution with 
boundary trace (u' k , Nk) where v' k = v{\ — Xnu)- By taking a subsequence if 
necessary, we may assume that {vk} converges to a solution v'. By (|4.26j) . 

max(V v > k , U Rk ) < v k < V v , k + U Nk 

and, by the previous part of the proof, Vk is the largest solution dominated 
by Vv' + Ufj, . We claim that if w is a solution of (15. ip then 

k fa 



Indeed, 

w < V V +U F ^w< V v > k +V Vk +U F ^w< V v > k +U Nk +U F ^w< Vs h +2Uff 
Thus 



(4.29) 



v — u < mm(V u , Uf)- 



mm{V v ,U F ) < V Uk ^0 



(4.30) 




< w - V,, 
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which implies 

w-Vu' k < U Nk , 

because any solution (or subsolution) dominated by 2E/jy is also dominated 
by £/av 

Hence v k > v and consequently v' > v. 

By (|4T20D U Ru 1 Up and by definition V v > t V v . Therefore 

max(K, *7f) < < V v + E7> . 

Since u is the largest solution dominated by V v + Up and v < v' it follows 
that v = v' . 

Let iifc be the unique solution with boundary trace (r/£, k g (F)). By (|4.26p . 
max(^,^ s (f)) < «fc < + £4 9 (F)- 

Since u k < u and {u k } increases (because {V v i} increases) it follows that 
u' = \\mu k < u. Furthermore, 

max(K, U kg{F) ) < u < V u + U kg{F) . 

If ()4.22p possesses a solution then condition (ii) holds. Therefore for any 
solution w of (|5.ip 

max(V u , U k t F \) < w max(V^, JTf) < w. 

Hence max(V^, Up) < ti' and, as u' < u we conclude that v! = u. 
Finally, for every e > 0, 

(1 - t)Vv' k + eU k a (F) < u k 

and consequently 

Vk~u k < V v , k + Uff k -((1- e)V u>k + eU kg ( F) )) = 

U Nk - (1 - e)U kg{F) + eV K < Uj^; + Up-(1- e)U kg(F) + eV^ < 

e(UF + V Vk )^e(Up + V u ). 

This implies u k = v k and hence u = v. This establishes statement (b) and 
hence the sufficiency in (c). 

Finally we establish monotonicity. Let Vi be the unique solution of (|5,ip 
with boundary trace (z/j, Fi), (i=l,2). Then V{ is the largest solution domi- 
nated by V Vi + U Fi (i=l,2). The argument used in proving (|4.30p yields 

(4.31) V V1 < w < V V1 + U Fl ^w< V U2 + Up 2 . 

This implies i>i < i>2- □ 
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5. Equation with power nonlinearity in a Lipschitz domain 

In this section we study the trace problem and the associated boundary 
value problem for equation 

(5.1) - Au+ \u\ q ~ 1 u = 

in a Lipschitz bounded domain $7 and q > 1. The main difference between 
the smooth cases and the Lipschitz case is the fact that the notion of critical 
exponent is pointwise. If G is any domain in M. N we denote 

(5.2) U{G) := { the set of solutions (JED) in G} . 

and U + {G) = {u G U{G) : u > in G}. Notice that any solution is at 
least C 3 in G and any positive solution is C°°. The next result is proved 
separately by Keller [18J and Osserman [28J. 

Proposition 5.1. Let q > 1, Q C M> N be any domain and u >G C(f2) be a 
weak solution of 

(5.3) - Au + Au q < B in ft. 

for some A > and B > 0. Then there exists Ci(N,q) > (i = 1,2) such 
that 

( 1 \Vt<i-^ / B \Vi 

(5.4) u(x) < Ci -= + C 2 - Vxefi. 

v ' y ' ~ Vv^dist^^o)/ w 

For a solution of (|5.1|) in which vanishes on the boundary except at one 
point, we have a more precise estimate. 

Proposition 5.2. Let q > 1, O, C 6e a bounded Lipschitz domain, 
y G <9f2 and it G £/ + (f2) is continuous in O \ {y}) and vanishes on dQ \ {y}. 
Then there exists Cs(N, q,£l) > and a G (0, 1] snc/i i/iai 

(5.5) n(x) < C7 3 (dist(x,^)) a |x-nr 2/( ^ 1)_a Vx G O. 
Furthermore a = I if ft is a W 2,s domain with s > N. 

Proof. By translation we can assume that y = 0. Let n be the extension of 
n_|_ by zero outside 0, \ {0}. Then it is a subsolution of ([5T]) in \ {0} (see 
P3] e.g.). Thus 

u(x) <d\x\- 2 /^-^ Vx^O, 
and, with the same estimate for n_, we derive 

(5.6) \u(x)\ < Cilxp 2 /^ 1 ) ^ x e ^- 

Next we set, for A: > 0, T^[n] defined by Tfc[n](x) = A;~ 2 ^ 9_1 )n(A; _1 x), valid 
for any x G fifc = fcfi. Then n^ := T^fn] satisfies the same equation as u in 
f2fc, is continuous in 0^. \ {0} and vanishes on dUt \ {0}. Then 

u k {x) < Cilxp 2 /^- 1 ) Vx G Ofe, 
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thus, by elliptic equation theory in uniformly Lipschitz domains, (which is 
the case if k > 1) 

\\ u k\\co(n k n(B T/4 \B 5/4 )) < c 'll u fcllz,'»(n fc n(B 2 \Bi)) = C 2- 
This implies 

K*rV)-?z(ArV)| < c 2 k- 2/( - q - 1) - a \x'-z'\ a v(x, z) e n k xn k ■. 5/4 < \x'\,\z'\ < 7/4. 

Let (x,z) in Q, x SI close enough to 0. First, if 5/7 < |x|/|z| < 7/5 there 
exists k > 1 such that 5/4 < < 7/4. Then 



u(x) — u(z)\ < Cs\x 



2/(9-1)-q 



X — Z 



If we take in particular x such that z 
striction, we derive 



Proj^^x) satisfies the above re- 



u{x) < Cs\x 



2/(?-l)-a 



(dist (x,dQ)) 



Because f2 is Lipschitz, it is easy to see that there exists /3 E (0, 1/2) such 
that whenever dist (x,dQ) = \x — Projg^(x)| < (3\x\, there holds 



5/7 < |x|/|Proj sn (x)| <7/5. 



Next we suppose \x — ProjgQ(x)| > j3\x\. Then, by the Keller-Osserman 
estimate, 




into Pi -Br(O) and the equation into 



(5.7) -Y J ^[a i ~)+\u\^ 1 u = Q, inR£n2fe(0)\{0}, 




where the o« are the partial derivatives of the coordinates and thus belong 
to W l,s {B R y By developping, u satisfies 




Notice that, since s > N, the continuous while the are in L s . The 

same regularity holds uniformly for the rescaled form of Uk '■= 7fc[tt]. By 
the Agmon-Douglis-Nirenberg estimates Uk belongs to W 2 ' s . Since s > N, 
u satisfies an uniform C 1 estimates, which implies that we can take a = 1. 



□ 
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5.1. Analysis in a cone. The removability question for solutions of (|5.ip 
near the vertex of a cone has been studied in |11| . and we recall this result 
below. 

If we look for separable solutions of ()5.ip under the form u(x) = u(r, a) = 
r^w(cr), where (r,a) £ M + x S 1 ^ -1 are the spherical coordinates, one finds 
immediately = —2/{q — 1) and w is a solution of 

(5.8) - A'u- \ Nq oj + \uj\ q - 1 uj = 

on S N_1 with 

Thus, a solution of (f5TTj) in the cone C s = {(r,cr) : r > 0,cr € S C S^ -1 }, 
vanishing on <9C S \ {0}, has the form u(r,a) = r~ 2 / i - q ^ 1 ' > Lj{a) if and only if 
w is a solution of ()5.8[) in S which vanishes on dS. The next result [11, Prop 
2.1] gives the the structure of the set of positive solutions of (|5.8p . 

Proposition 5.3. Let X s 6e t/ie first eigenvalue of the Laplace- Beltrami 
operator —A' in Wq ,2 (S). Then 

(i) Lf X s > X N q there exists no solution to (5. 8\) vanishing on OS. 

(ii) If X s < X N there exists a unique positive solution uj = oj s to i5.8\) 
vanishing on dS. Furthermore S C S' =^ oj s < u> , . 

The following is a consequence of Proposition 15.31 

Proposition 5.4. [IT] Assume £1 a bounded domain with a purely conical 
part with vertex 0, that is 

n n B ro (o) = c s n B ro (o) = {xg nB ro (o) \ {0} : x/ \x\ e S} u {0} 

and that d£l \ {0} is smooth. Then, if X s > A^, any solution u G U{VL) 
which is continuous in O \ {0} and vanishes on d£l \ {0} is identically 0. 

Remark. If S C S 1 ^^ 1 is a domain and A s the first eigenvalue of the Laplace- 
Beltrami operator —A' in Wq' 2 (S) we denote by a s and a s the positive root 
and the absolute value of the negative root respectively, of the equation 

X 2 + (N - 2)X - X s = 0. 

Thus 

ri„ = 

2 

(5.10) 

a s = - ( N - 2 + \/{N - 2) 2 + 4A, 



« s = o 2-AT + J(JV-2)2+4A s ,. 



2 

It is straightforward that 
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and, in case of equality, the exponent q = q s satisfies q s = 1 + 2/a s . 

In subsection 6.2 we compute the Martin kernel K and the first eigen- 
function p of —A for cones with /c-dimensional edge. In particular, if k = 
and Cs is the cone with vertex at the origin and 'opening' S C S 1 ^^ 1 , we 
have 

(5.11) K Cs (x,0) = \x\~ as uj s (a) 1 p(x) = \xf s uj s (a). 

Combining the removability result with the admissibility condition The- 
orem [3T8], we obtain the following. 

Theorem 5.5. The problem 

-Au + \u\ q ~ 1 u = inC s , 

(5.12) ' 1 

ueC(C s \{0}), u = ondC s \{0} 

possesses a non-trivial solution if and only if 

l<q<q s = l + 2/a s . 

Under this condition the following statements hold. 

(a) For every k ^ there exists a unique solution of (|5.ip with boundary 
trace k5$. In addition we have 

(5.13) Vk/vi(x) — > k uniformly as x — > 0. 

(b) Equation (|5.ip possesses a unique solution U in Cs such thatS(U) = {0} 
and its trace on dCs \ {0} is zero. This solution satisfies 

(5.14) \x\r*U(x) = U(x/\x\) = uj s {x/\x\) 
and 

(5.15) U = Vqo := lim v/-. 

k— >oo 

Proof, (a) By (|5TTT1) . 

K q (x,0)p(x)dx <C f r & s-i"s+ N - 1 dr < oo, 
Jo 



'c s nsi 
since 

a s — qa s + N — 1 = 1 — {q — l)a s > —1. 

Thus q is admissible for Cs D B\ at 0. By Theorem \'6.&\ for every k € R, 
there exists a unique solution of f)5. 1 j) with boundary trace k5o. 

Observe that, for every a,j > 0, Vj(x) := a?^ q ~ l ^Vj{ax) is a solution of 
(|5.ip in Cs- This solution has boundary trace k5o where k = 
Because of uniqueness, Vj = Vk- Thus 

(5.16) v k {x) = a 2/(q ~ 1) v j (ax), k = a 2/(q - 1) j. 

This implies ([5TT3]) . 
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(b) Let w be a solution in Cs such that S(w) = {0} and its trace on dCs\{0} 
is zero. We claim that 

(5.17) w > := lim/c — > oovj.. 
Indeed, for every S' <£ S, k > 0, 

/ wduja — > oo, limsup / Vkdu a < oo as a — > 

JaS' JaS' 

where duo a denotes the harmonic measure for a bounded Lipschitz domain 
f2 a such that aS' C d£l a and Q a f Cs- Therefore, using the classical Harnack 
inequality up to the boundary, w/vk — > oo as \x\ — > in Cs>- In addition, 
either by Hopf's maximum principle (if S is smooth) or by the boundary 
Harnack principle (if S is merely Lipschitz), 

c~ l v\ < w < cv\ in Cs\s>- 

This inequality together with (I5.16P yields, 

c~ l Vk < w < cv k in C s \s> 

with c independent of k. Therefore C^v^ < w in Cs- If l/ c > ^/ C J > 1 
then kvj < Vk < cw and consequently Vj < w. Here we used the fact that 
jVj is a subsolution with boundary trace kSo- 

Let Uq be the maximal solution with trace on dCs \ {0} and singular 
boundary point at 0. Then 

U (x) = a 2/ ( q -VU (ax) Va > 0, x G C s , 

because a 2//( -' ?_1 )C/o(a2;) is again a solution which dominates every solution 
with trace on dCs \ {0} and singular boundary point at 0. Hence, 

(5.18) U (x) = \x\- 2 ^ q -^U (x/\x\) = \x\- 2 ^ q -^u} S (x/\x\). 

The second equality follows from the uniqueness part in Proposition 15.31 
since the function x — > Uq(x/\x\) is continuous in S and vanishes on dS. 

Inequality (I5.17P implies that Voo is the minimal positive solution such 
that S(w) = {0} and its trace on dCs \ {0} is zero. Using this fact we prove 
in the same way that Voo satisfies 

Voo(x) = Ixl-^-^^ooCx/lxl) = \x\- 2 /^0J S {x/\x\). 

This implies (I5.15P and the uniqueness in statement (b). □ 
In the next theorem we describe the precise asymptotic behavior of solu- 
tions in a conical domain with mass concentrated at the vertex. 

Theorem 5.6. Let C s be a cone with vertex and opening S C S 1 ^^ 1 and 
assume that \ <q<q s = l + 2/a s . Denote by (j) s the first eigenfunction of 
— A 1 in Wq' 2 (5) normalized by max0 s = 1. Then the function 

$5 = x~ a s<j) s (x/\x\), 
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with a s as in (|5.10|) . is harmonic in Cs and vanishes on dCs \ {0}. Thus 
there exists 7 > such that the boundary trace of &s is the measure j5q. 
Put := ±$ 5 . 

Let ro > and denote = Cs D _B ro (0). For ewer?/ /et 6e i/ie 

unique solution of (|5.ip m f2 wii/i boundary trace k5o. Then 

(5.19) ufc(a;) = (l + o(l)) as s ^ 0. 

7f ffc is the unique solution of (|5.1j) in C5 mtft boundary trace k5o then 

(5.20) Uk/vk^-1 and Vk/(k$i)—>-l as x — > 0. 

The function Uoo = lim^oo u k is the unique positive solution of (|5,ip in £lg 
which vanishes on dVts \ {0} and is strongly singular at fie., belongs to 
its singular set). Its asymptotic behavior at is given by, 

(5.21) Uoo(x) = \x\~^u s (x/\x\)(l + o(l)) as x^O. 
Proof. Step 1: Construction of a fundamental solution. Put 

(5.22) $(x) = \x\~ a s (j> s (x/\x\), $(x) = \xfs </> g (x/\x\) 

with a s , a s as in (|5.10p . Then <3? and $ are harmonic in C„, <3? vanishes on 
dC s \ {0} and <3? vanishes on dC s . Furthermore, since q < 1 + 2/a s , 

/ <f> q pdx < 00. 

JC s nBi(o) 

Therefore the boundary trace of $ is a bounded measure concentrated at 
the vertex of Cs, which means that the trace is 700 for some 7 > 0. (Here 
60 denotes the Dirac measure on dCs concentrated at the origin.) 
The function 

^(x) = -(3>(x) - r^ s ~ as ^(x)) 
7 

is harmonic and positive in Q s and vanishes on d£l s \ {0}. Its boundary 
trace is 5q. 

Step 2: Weakly singular behaviour. By Theorem 13.81 . for any k > 0, there 
exists a unique function Uk G L q p {VL s ) with trace k5o and by (|3.8p 

(5.23) u k (x) = fctf (a) - G[\u k \ q ]. 
Since |x|° s u k is bounded, we set 

v(t,a) = r a suk(r,a), t = — lnr. 

Then v satisfies 

(5.24) v tt + (2a s + 2- N)v t + X s v + A'v - e (a s (, " 1) " 2)i v = 

in .Ds,t := [to,oo)xS < (with to := — lnro) and vanishes on [to, 00) x dS. Since 
< Uk(x) < k^Sf(x), v is uniformly bounded, and, since a s (q — 1) — 2 < 0, 
i>(i, .) is uniformly bounded in C a (S) for some a G (0,1). Furthermore, 
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Vv(t, .) (by definition V' is the covariant gradient on S 1 ) is bounded in 
L 2 {S), independently oft. Set 



y(t) 



v(t,a)<j> s dV(a), F(t)= I {\v\ q - 1 v)(t,a)ct> s dV(a). 



From (|5.24j) . it follows 
d 



d,t 



ii U 2 «s+ 2 -^)V 



y 



,((q+l)a s -N)t F 



where dV is the volume measure on S N 1 . By (I5,10p . 7 := 2a s +2 — N > 0, 
then 



= e -T(*-*o) y '( to ) + e -7* / e « q+ V a s~ N >F(s)ds, 



to 



and 



This implies that there exists k* € R + such that 

(5.25) lim y(t) = k*. 

t— >oo 

Next we use the fact that the following Hilbertian decomposition holds 

L 2 (S) = (B^keri-A* - X k I) 

where A& is the fc-th eigenvalue of —A' in W 1,2 (S) (and A s = Ai). Let v 
and F be the projections of v and \v\ q ~ v onto ker(—A' — Xgl)- 1 -. Since 

(5.26) v tt + (2a s + 2 - N)v t + X s v + A'v - e (a s («- 1 )- 2 )*F = 
we obtain, by multiplying by w and integrating on S, 

V" + (2a s + 2 - N)V' - (A 2 - \ S )V + e (« s (</-i)-2)*$ > , 



where V(t) = OHl^s - ) an d ^K*) = ^(^> •) • The associated o.d.e. 

z" + (2a s + 2 - JV)z' - (A 2 - A s )z + e (« s (</-l)- 2 )*$ = , 
admits solutions under the form 

z(t) = aie"^ 1 * + a 2 e^ t + d(t)e (o s ( ^ 1) " 2) * 
where — \i\ and /i 2 are respectively the negative and the positive roots of 



X 2 + (2a s + 2- N)X - (A 2 - A £ 



0. 



and \d(t)\ < c$ if a s (q-l)-2 ^ -fjt x , or \d(t)\ < ct l § if a s (q-l)-2 = -^ x . 
Applying the maximum principle, to (|5.26p . we derive 

(5.27) \\v(t,.)\\ L2{s) < || ? )(to,.)llL 2 (5)^ l(t - to) +d(t)e ( ^ (9 - 1) - 2)t Vt > t . 

By the standard elliptic regularity results in Lipschitz domains |12j . we 

obtain from (|5.27p . for any t > to + I, 

(5.28) 



C a (S) 



L 2 ((t-l,t+l)xS) 



+ C 2 



e (a s (q-l)-2)sp 



L°°((t-l,t+l)xS) 
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for some a £ (0, 1] depending of the regularity of dS. Thus 

(5.29) \\v(t, .)\\ ca{s) < ce~^ + c'teKfe- 1 )- 2 )*. 
Combining (|5.25p and (|5.29f) we obtain that 

(5.30) \x\ a s Uk {x) - k*<j) s {x/\x\) -> asx^O 
in C a (S). Furthermore < k* < k. 

Step 3: Identification of k* . 

Let {£l n } be a Lipschitz exhaustion of $7g and denote by u n (resp. uj) the 
harmonic measure on <9il n (resp. dQ s )- By Proposition! 

lim / u k dw n = k. 



On the other hand, by (|5.30p . 

u k /(k*\x\~ as (f> s ) ->• 1 as x->0. 



Hence 



lim / u k duj n = k* lim / \x\ as 4> s dio n 



n— >oo 



A;*7 lim / $1 cfcj n = k*j. 



Thus 

(5.31) fc = fc*7. 

This and (O0|) imply (^191) . 
Further, 

u k <v k < k$i 

since $1 is harmonic in Cs- Therefore (|5.19p implies (|5.20p . 

Step 4 : Study when k — > 00. By Theorem 15. 5| equation (|5,ip possesses a 
unique solution U in Cs such that £7 = on dCs \ {0} and U has strong 
singularity at the vertex, i.e., 6 <S(U). By (15.14p and (15. 15f) this solution 
satisfies 

2 

(5.32) {7 = foo := lim v k = \x\ s -1 ^. 

k— ¥00 

Let V be the maximal solution in vanishing on <9f2 s \{0}. Its extension 
by zero to Cs is a subsolution and consequently, V < U. 

Let w be the unique solution of (|5.ip in fig such that w = U on n 
B ro (0) and w = on the remaining part of the boundary. Then w < U 
so that U — w is a subsolution of (|5.ip in Jig which vanishes on d£l s \ {0}. 
Therefore U — w < V . Thus 

(5.33) £7 - w < V < U and U/V ->■ 1 as x -> 0. 
Assertion 1. If u is a solution of (|5.ip in fig 1 such that 

u = on dVLs \ {0} and ii/£7 ->■ 1 as x — > 
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then u = V. 

By (|5.33p u/V — > 1 as x — > 0. Therefore, by a standard application of the 
maximum principle, it = V . 

Let it be an arbitrary positive solution in Vtg vanishing on dtt s \ {0}. 
Denote by it* its extension by zero to Cs- Then u* is a subsolution and, by 
Theorem 14.31 there exists a solution u of (|5.ip in Cs which is the smallest 
solution dominating u*. The solution u can be obtained from u* as follows. 
Let {r n } be a sequence decreasing to zero, r\ < ro, and denote 



D n = C s \B rn (0), /i„ = u*L 



SB,, 



Let w n be the solution of (|5.ip in £) n such that w; n = /i n on the boundary. 
Then {w n } increases and 

(5.34) u = limtt; n . 

If u has strong singularity at the origin then, of course, the same is true 
with respect to u and consequently, by Theorem 15.51 



(5.35) u = U. 

In the the remaining part of the proof we assume only (15.351) and show that 
this implies u = V. 

Let z be the solution of (|5.1j) in such that z = U on d&s H dB ra and 
on dQs H 9C5. Then w + z is a supersolution in 0,$- Let 

« n = Os\Br„(0) = D n n5 ro (0). 

The trace of u + z on <9f2 n is given by 



/r. 



U on 9J2 n fl 9B ro 



h n + z on <9f2 n \ 



ro • 



Since U = u > u* we have f n > h n . Therefore, if w n is the solution of (|5.1j) 
in J7 n such that w n = f n on the boundary then 

w n < w n < u + z in 

Hence, by (^34j) . 

C7 < u + z. 
Since z — > as a; — > 0, it follows that 

limsup?7/u < 1 as x — > 0. 

Since it < V, ()5.33|) implies that 

liminf[//u>l as x — > 0. 

Therefore J7/it — >■ 1 as x — > and consequently, by Assertion 1, u = V. 
This proves the uniqueness stated in the last part of the theorem and ()5.33|) 
implies (|5T2l"jl . □ 
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Corollary 5.7. Suppose that u is a positive solution of ()5.ip in £1$ which 
vanishes on dtls \ {0} and 

(5.36) sup |x| Qs u = oo. 
Then u = Uoo . 

Proof. Let u be as in (15.34j) . Since u > u it follows that 

sup |x|" s it = oo. 
n s 

By Theorem 15.51 u = U. The last part of the proof shows that u = Uoq. □ 

As a consequence of Theorem 15.61 we obtain the classification of positive 
solutions of (|5.ip in conical domains with isolated singularity located at the 
vertex. In the case of a half space such a classification was obtained in |13j . 

Theorem 5.8. Let C s be as in Theorem 15.61 Vt s = C s n B rQ (0) for some 
ro > and l<q<q s = l + 2/a s . If u € C(Q S \ {0}) is a positive solution 
of \5. 1\) vanishing on dC s n B ro (0) \ {0}, the following alternative holds: 
Either 

(i) limsup a ._ >0 M _Qs u(x) < oo and thus u S C(O s ). 
or 

fiij t/iere exisi > suc/i that 115 . 19\) holds 
or 

(Hi) ([OTP holds. 

Proof. Let u e be the solution of (|5.ip in fi Se = f2 s \ S e (0) with boundary 
data !ionfl S( n dB e (0) and zero on <9il Se \ dB e (0). Then 

< n e < u < u e + Z(x) Vx G fi St , 

where Z is harmonic in O s , vanishes on dQ s \ dB ro (0) and coincides with 
u on C s n dB ro (0). Furthermore < e < e' ==> u e < n e / in Se , . Thus u e 
converges, as e — » 0, to a solution £t of f)5. 1 1) which vanishes on dil s \ {0} 
and satisfies 

(5.37) < u(x) < u(x) < u{x) + Z(x) VxGO s . 
If 

(5.38) limsup|x|° s u(x) < oo, 

2->0 

it follows from Theorem 15.61 -Step 2, that there exists k* > such that 

(5.39) fi(a?) = fe* |x|" Q s <j) s (x/\x\)(l + o(l)) as s -> 0. 

If A;* > then n satisfies (ii). If £;* = 0, it is straightforward to see that, for 
any e > 0, u(x) < e|x|" a s. Thus 

(5.40) u(x) < Z(x) = c\xfs (j) s {x/\x\){l + o(l)) as x -)■ 0, 
by standard expansion of harmonic functions at 0. 
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Finally, if 

(5.41) limsup |x|° s u{x) = oo, 

then, by Corollary 15.71 u = u co and consequently, by Theorem 15.61 u ~ an d 
therefore u - satisfies (|5.2ip . □ 

5.2. Analysis in a Lipschitz domain. In a general Lipschitz bounded 
domain tangent planes have to be replaced by asymptotic cones, and these 
asymptotic cones can be inner or outer. 



Definition 5.9. Let Q be a bounded Lipschitz domain and y G dfl. For 

r > 0, we denote by C yr (resp. C yr ) the set of all open cones C s>y with 
vertex at y and smooth opening S C dB\(y) such that C s ^ y H B r {y) C 
(resp. QnB r (y) C C s , y ). Further we denote 

(5.42) C yr := [J {Cs, y : Cs,y G C yr } , C° r := Q {Cs, y : Cs j2/ G C^} 
and 

(5.43) Cy := C^ r , := j^j C y r . 

r>0 r>0 

TTte cone ('resp. C^j is called the limiting inner cone (resp. outer cone) 
at y. Finally we denote 

S T y, r :=C£ r n dB 1 (y), S° r :=C° r n ^(y), 
S I y :=C I y ndB l (y), S° :=C° DdB^y). 

Remark. In this definition, we identify dB\(y) with the manifold S N ~ 1 . 
Notice that the following monotonicity holds 



(5.45) < s < r 



y,r ^- y,s 

(1° c C 1 
y,s ^- y,r' 



Definition 5.10. If Cs is a cone with vertex y and opening S and if Xs is 
the first eigenvalue of —A' in W ' 2 (S), we denote 

1 



(5.46) a s = - \N -2 + yJ(N -2) 2 + 4A S J , and q s = 1 + 2/a s . 

Thus q s is the critical value for the cone Cs at its vertex. 

Remark. As r i— > Sl r is nondecreasing, it follows that r i-> A<.i is nonin- 
creasing and consequently r i— > q q i is nondecreasing. It is classical that 

(5.47) limA = A 

r — >D °y,r °y 

A similar observation holds with respect to S y r if we interchange the 
terms 'nondecreasing' and 'nonincreasing'. In particular 

(5.48) limA =A 

r— >-U a y,r a y 
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In view of (I5.46D we conclude that, 

(5.49) limo =q K™.Q s o =Q s o- 

We also need the following notation: 

Definition 5.11. Let be a bounded Lipschitz domain. For every compact 
set E C dO, denote, 

(5.50) q* E = lim inf {q s i r ■ z G dtt, dist (z,E) < rj , 
If E is a singleton, say {y}, we replace q* E by q*. 

Remark. For a cone Cg with vertex y, q* < qg. However if Cg is contained 
in a half space then q* = qg. On the other hand, if Cg strictly contains a 
half space then q* < qg. 

If £1 is the complement of a bounded convex domain then, for every y G 

an, 

(5.51) q; = (N + l)/(N-l) 

Indeed q CjV > (N + 1)/(N — 1). But for H7v_i-a.e. point y G dQ there exists 
a tangent plane and consequently q c>y = (N + 1)/(N — 1). This readily 
implies (|5.5ip . 

Since Q is Lipschitz, there exists > such that, for every r G (0, rn) and 
every z G dCl, there exists a cone C with vertex at z such that CdB r (z) C Cl. 
Denote 

a(r,y) := inf {g^ : z G 90nS r (y)} Vr G (0,r n ), 2/ 6 dft. 

Then, 

gjg := lim inf{a(r, y) : y G i?} 

(5 52) 

< inf {lim a(r, y) : y G = inf {ql : y G E\. 

r— >0 y 

Indeed, the monotonicity of the function r i— )■ g 7 (for each fixed y G <9$7) 
implies 

(5.53) g* = lim a(r, y) = sup a(r,y). 

r->0 0<r<r n 

As 

<?E = lim inf {a(r,y) : y G E 1 } 

inequality (I5.52P follows immediately from (|5.53p . 

Finally we observe that, if E is a compact subset of d£l then 

(5.54) (E) r := {z£dQ: dist (z, E) < r} g* E)r f g£ as r 1 0. 

In order to deal with boundary value problems in a general Lipschitz 
domain £1 we must study the question of q- admissibility of 5 y , y G 517. This 
question is addressed in the following: 
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Theorem 5.12. If y e dQ and 1 < q < q , := 1 + 2/a I then 

Sy Sy 

(5.55) / K q (x,y)p(x)dx < oo. 

Ju 

Furthermore, if E is a compact subset of dQ, and 1 < q < q* E then, there 
exists M > such that, 

(5.56) K q (x,y)p(x)dx < M \/y G E. 
Jn 

Proof. We recall some sharp estimates of the Poisson kernel due to Bogdan 
[3J. Set k = l/2(Vl + K 2 ), where K is the Lipschitz constant of the domain, 
seen locally as the graph of a function from R^ -1 into R. Let xq £ f2 and 
set 4>{x) := G(x, xo). Then there exists c\ > such that for any y G dQ and 
s G satisfying |x — y| < ro, there holds 

(5-57) c-|||x - < < Cl |||, - ,|—, 

for any £ such that B K \ x _ y \((;) cUfl -B^-j^y)- This implies 

(5.58) c^^g\x-y\^) q < KHx,y) P (x) < c 2 ^^\x - y\^ q 

for some c 2 since (f> and p are comparable in B ro (y), uniformly with respect 
to y (provided we have chosen ro < dist (xo, d£l)/2. Let C S;V be a smooth 
cone with vertex at y and opening S := C StV n dB\(y), such that C s . y n 
dB ro (y) C 0. We can impose to the point £ in inequality (|5.57p to be such 
that £/|£| := Ho G S, or, equivalently, such that |£ — y\ < 7dist (£, d£l) for 
some 7 > 1 independent of £, \x — y\ and y. Then, by Carleson estimate [2j 
Lemma 2.4] and Harnack inequality, there exists C5 independent of y such 
that there holds 

(5.59) M > C3 

0(x) 

for all x G n B ro (y) and all £ as above. Consequently, (|5.58p yields to 

(5.60) y)p(x) < c^ 1 " 9 \t)\x - y\( 2 ~ N ^ . 

There exists a separable harmonic function v in C StV under the form 

v(z) = \z - yr S +2 -^ s ((z - y)l\z - y\) 

where <f> s is the first eigenfunction of — A' in Wq' 2 (S) normalized by max <j) s = 
1, A s the corresponding eigenvalue and a s is given by (|5.10p . By the maxi- 
mum principle, 

(5.61) v{z) < c 5 cP(z) VzeC Siy nB ro (y). 
Therefore there exists cq > such that 

(5.62) m>C6\^-y\ as+2 - N . 
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Because \x — y\ > |£ — y\ > k \x — y\ /2, from the choice of £, it follows 

(5.63) K^y)p(x)< ^_^ q C J 1)as+N _ 2 VxGfinB.fe). 

Clearly, if we choose q such that 1 < q < q / := 1 + 2/ a x , then q < 

Sy Sy 

1 + 2/a j for some r small enough and we can take Cs, y = C yr . Thus 
([5T55]) follows. 

We turn to the proof of (|5.56p . To simplify the notation we assume that 
q < qgQ. The argument is the same in the case q < q* E . 

If we assume q < lim^o inf{g 7 : z G 90}, then for e > small enough, 

there exists r t > such that 

< r < r e => 1 < q < inf{q x : z £ 90} - e VO < r < r e . 

Notice that the shape of the cone may vary, but, since 90 is Lipschitz there 
exists a fixed relatively open subdomain S* C dB\ such that for any y G 90, 
there exists an isometry TZ y of 1^ with the property that 1Z y (S ) C Sy jT . 
for all < r < r e . Here we use the fact that r t— y Sy r is increasing when r 
decreases. If we take £ such that = Ho G 1Z y (S*), then the constants 
in Bogdan estimate (|5.57p and Carleson inequality (|5.59p are independent 
of y G 90 if we replace ro by inf{r e ,ro}. Hereafter we shall assume that 
ft < ro- Set 

^(t) = |t-y|^ +2 -^ s ((t-y)/|t-y|) 

with S = Sy Tt . Then ug is well defined in the cone Cg j2/ with vertex y and 
opening 5. Let 

S cre := {t £ : dist (t, 90) = crj. 

Because 90 is Lipschitz, we can choose < c < 1 such that Cs,y H S cr . e C 
B rt (z). Then we can compare vs and on the set E crv It follows by 
maximum principle that estimate (|5.6ip is still valid with a constant may 
depend on r e , but not on y. Because 

min 6 , > cs 
where cs is independent of y, (15.621) holds under the form 

(5.64) 0(£) > c 6 |£ - y| 

where, we recall it, £ satisfies £/|£| G lZ y (S*), and is associated to any 
x G B re (y) n by the property that B K \ x _ y \(£) C B\ x _ y \(y) n 0, and thus 
la? — y| > |£ — y| > k\x — y\ /2. Then (|5.63p holds uniformly with respect to 
y, with ro replaced by r e . This implies (|5.56p . □ 

The next proposition partially complements Theorem 15.121 
Proposition 5.13. Let y G 90 and q > q Q . Then any solution of \5.1\) in 

Sy 

O which vanishes on 90 \ {0} is identically 0. 
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Remark. This proposition implies that, if q > q Q , 

Sy 

(5.65) / K q (x, y)p(x)dx = oo. 

Jn 

Otherwise 5 y would be admissible. 

Proof. We consider a local outer smooth cone with vertex at y, C 2 , such that 
H n B ro (y) \ {0} C C 2 n B ro (y) := C 2<ro . We denote by S* = C 2 n dB^y) 
its opening. For e > small enough, we consider the doubly truncated cone 
C 2ro = ^C2,r \ B e (y)} and the solution v := v e to 



(5.66) 



-Av + v q = in C| >ro 

v = 00 on dB e (y) n C2 

f = 00 on 3i? ro (y) n C2 

w = ondC 2 nB ro (y)\B e {y), 



where q > q 5 , := 1 + 2/a s * , and a s » is expressed by (|5.1(jp with S replaced 
by £** . Then u e dominates in Cf r Pi O any positive solution u of ()5.ip in 
which vanishes on 3r2\{0}. Letting e — > 0, u e converges to which satisfies 



(5.67) 



-Av + v q = in C 2 , ro 

u = 00 on dB ro n C 2 
v = on <9C 2 n B ro (y). 



Furthermore u < vq in B ro n Because q s „ is the critical exponent in C 2 , 
the singularity at is removable, which implies that v{x) — > when x — > 
in C2. Thus u+(x) — > when x — > in f2. Thus u+ = 0. But we can take 
any cone with vertex y containing 0, locally in B r (y) for r > 0. This implies 
that for any q > q Q , any solution of (15. ip which vanishes on d£l \ {0} is 

Sy 

non-positive. In the same way it is non-negative. □ 

Definition 5.14. If y G <9f2 we say that an exponent q>l is: 

(i) Admissible at y if 

W K (.->y)\\Ll,(n) < °°» 

and we set 

qi tV = sup{g > 1 : q admissible at y}. 

(ii) Acceptable at y if there exists a solution of \5.1\) with boundary trace 5 y , 
and we set 

Q2,y = sup{(7 > 1 : q acceptable at y}. 

(Hi) Super- critical at y if any solution of Ii5.1\) which is continuous in O\{0} 
and vanishes on d£l \ {0} is identically zero, and we set 

qz^y = inf{<7 > 1 : q super- critical at y}. 
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Proposition 5.15. Assume Q is a bounded Lipschitz domain and y £ dtl. 
Then 

( 5 - 68 ) q q i < qi, y < Q2,y < Q3, y < q q0 - 

If 1 < q < (72,?/ then, for any real a there exists exactly one solution of (|5.ip 
with boundary trace ■ySy. 

Proof. It follows from Theorem 15.121 that q x < q\ >y and from Proposi- 
tion 15.131 that q^^ y < q . It is clear from the definition and Theorem 13.81 

s y 

that qi^y < q2, y < qz )V - Thus (15.68P holds. 

Now assume that q < q2 )V so that there exists a solution u with boundary- 
trace 5 y . By the maximum principle u > in f2. If a G (0, 1) then an is 
a subsolution of (|5.ip with boundary trace a&y and an < n. Therefore by 
Corollary 14.41 II, the smallest solution dominating an has boundary trace 
a5 y . If a > 1 then an is a supersolution and the same conclusion follows 
from Corollary 14.41 1. If v a is the (unique) solution of (|5.ip with boundary 
trace a8 y then — v is the (unique) solution with boundary trace —aS y . □ 

Theorem 5.16. Assume y € dQ is such that Sy = Sy = S, let \ s be the 

first eigenvalue of —A' in Wq' 2 (S) and denote 

(5.69) q c>y := 1 + 2/a s 

with a s as in (15.10p . Then q% jV = qi, y = qz, y = q CtV and 

(i) if 1 < q < q then 5 y is admissible; 

(ii) if q > q cy then the only solution of (15.ip in £1 vanishing on dfl \ {y} is 
the trivial solution. 

(hi) if q = q cy and u is a solution of (15. If) in £1 vanishing on dfl \ {y} then 

2_ 

(5.70) u = o(l)\x — y\ i- 1 as x — > y in ft. 

Remark. We know that, in the conical case, the conclusion of statement 
(ii) holds for q = q c<y as well. Consequently, in a polyhedral domain fi, an 
isolated singularity at a point y £ dd is removable if q > q c (y)- We do not 
know if this holds in general Lipschitz domains. 

Proof. The above assertion, except for statement (iii), is an immediate con- 
sequence of Proposition 15.151 Definition 15.101 and the remark following that 
definition. 

It remains to prove (iii). We may assume that n > 0. Otherwise we 
observe that |n| is a subsolution of (|5.ip and by Theorem 14.3( h) there exists 
a solution v dominating it. It is easy to verify that the smallest solution 
dominating |n| vanishes on dVt \ {y}. 

For any r > let u r be the extension of n by zero to D r := C s o C\ B r (y). 
Thus u r is a subsolution in D r , u r £ C(D r \ {y}) and u r = on (dC s o n 
B r (y)) \ {y}. The smallest solution above it, say u r is in C(D r \ {y}) and 
n r = on (dC s o R B r (y)) \ {y}. By a standard argument this implies that 
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there exists a positive solution v r in D r such that v r vanishes on dD r \ {y} 
and 

u r < 2v r in D r . 

We extend this solution by zero to the entire cone C s o, obtaining a subso- 
lution w r and finally (again by Theorem 14. 3f ii)) a solution w r in C s o which 
vanishes on dC s o \ {y} and satisfies 

u r < 2w r in D r . 

Observe that g^ \, q c>y as r | 0. If q C:V = q sQ for some r > then the 

existence of a solution w r as above is impossible. Therefore we conclude 
that q c y < q sQ and therefore, by Theorem 15.51 there exists a solution 

in C s o such that 

2_ 

Voo,r{x) = \x - y\ "- 1 uj s<p {{x-y)/\x-y\) G C s o. 
This solution is the maximal solution in Cgo so that 

Wr < Voo,r in D r . 

But, since q = q $0 , it follows that lj s0 — > as r — > 0. This implies (I5.70p . 

□ 

The next result provides an important ingredient in the study of general 
boundary value problems in Lipschitz domains. 

Theorem 5.17. Assume that q > 1, £1 is a bounded Lipschitz domain and 
u £ If y G <S(u) and q < q* then, for every k > 0, the measure k5 y 

is admissible and 

(5.71) u > u k5y Vk > 0. 

Remark. If g > q*, (I5.7ip need not hold. For instance, consider the cone 
Cs with vertex at the origin, such that S C S N ^ is a smooth domain and 
S N ^ \ S is contained in an open half space. Then q c $ > (N + l)/(-/V — 1) 
while q C)X = (N + l)/(A r — 1) for any x ^ on the boundary of the cone. 
Thus q*(0) < q c ,o- Suppose that q G (qo,q c ,o)- Let F be a closed subset 
of dCs such that G F but is a C 2 / q j(? '-thin point of F. Let u be the 
maximal solution in Cs vanishing on dCs \ F. Then G S(u) but (|5.7ip 
does not hold for any k > 0. 

Proof. Up to an isometry of R , we can assume that y = and represent 
<9$7 near as the graph of a Lipschitz function. This can be done in the 
following way: we define the cylinder C' R := {x = (x',xn) : x' G B' R } where 
B' R is the (N — l)-ball with radius R. We denote, for some R > and 
< a < R, 

dn n C' R = {x = (x', n{x')) : x' G B' R }, 

and 

Zs,v = {x = (x',ri(x') + 5) :x'eB' a }, 
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and assume that, if < 5 < R, 

ttf = {x= (x',x N ) : x' G B' R , ri(x') < x N < r](x') + R} C fl 

We can also assume that r/(0) = 0. Although the two harmonic measures 
in and <9il n C' R differ, it follow by Dahlberg's result that there exists a 
constant c > such that, if 5 < 6q < -R/2, 

c-H°(^) ^^U^ + eeAr) < ca#>(£), 

for any Borel set E C <9£1 Pi Ci. Therefore, if we set 



M e ,a = / u(x)duj X0 ,(x), 

it follows that lim e ^.o M t<a = oo since G S(u). We can suppose that <r is 
small enough so that there exists G (q, q£) and M > such that, for any 

V G [M] 

(5.72) / K p (x, z)p(a;)<£c < M VzG^n B ff . 

For fixed k there exists e = e(<5) > such that M e>a = k. There exists a 
uniform Lipschitz exhaustion {£l e } of with the following properties: 

(i) fi e D C' R (1 {x = (x',xn) ■ a < xn < b} = S e ,_R, for some fixed a and b. 

(ii) The fi e and f2 have the same Lipschitz character L. 

It follows that the Poisson kernel K^ lt in Q e respectively endows the same 
properties ()5.72j) as K except Q has to be replaced by O e , p by /9 e := 
dist (., <9r2 e and z has to belong to dfl e n -B CT . Next, we consider the solution 

V = «e(<r)) °f 

-At; + = in fi e 



(5.73) 



By the maximum principle, u > v in Q e . Furthermore v < KP € [ux s ]■ Let 
q = (q + q a )/2 and w C be a Borel subset. By convexity 



(E?*[u Xse j) p(x)dx < M M e>cr . 
Thus, by Holder's inequality 

£ (K u *[u Xse j) q P (x)dx < (I p(x)dx^) qh '{M M^fl* . 

By standard a priori estimates, v e t a \ — > vq (up to a subsequence) a.e. in f2, 
thus w^/x — > Ug. By Vitali's theorem and the uniform integrability of the 

i v e(a)}, v e(a) ~> u o in ip(^). Because 

v e{a) +G n '[vl {rT) }=K n <{u Xs J 
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where G^ e is the Green operator in and 

K ne kfe 6 ,J -> M e , a K(.,y) = kK(.,y) 
as a —> 0, it follows that u > vq, and uo satisfies 

Then vq = u k8 y , which ends the proof. □ 

Corollary 5.18. Let {yj}" = i C d£l be a set of points such that 

(5.74) q<M{ q ;.:j = l,...,n}. 

Then, for any set of positive numbers k±, ■ ■ ■ ,k n , there exists a unique solu- 
tion of (|5.ip in with boundary trace \i = X^j=i kj5 yj ■ 
If ' u G and {yj}j =1 C S(u) then u > u^. 

Proof. From Theorem 15.171 u > Uks. for any j = l,...,n. Thus u > 

3 Vj 

= max(tt^.j r ), which is a subsolution with boundary trace ^2jkj5 yj . 
But the solution with boundary trace Ylj kj5 Vj is the smallest solution 
above u^}- Therefore the conclusion of the corollary holds. □ 

As a consequence one obtains 

Theorem 5.19. Let E C d£l be a closed set and assume that q < q* E . Then, 
for every fi € SDt(O) such that supp/U C E there exists a (unique) solution 
u a °f (|5.ip in 0, with boundary trace fi. 

If {fi n } is a sequence in 9Jt(Q) such that supp^ n C E and /i n — v fj, weak* 
then Ufj, n — > locally uniformly in S7. 

If u G cm<i g < q* then, for every \x E 9Jt(f2) such that supp/i C 

(5.75) u M < u. 

Proof. Without loss of generality we assume that fi >). Let be a 

sequence of measures on d£l of the form 

3=1 

where y^ n a j,n > and X/i=i ~~ 11/^11 j such that // n — v /i weakly*. 
Passing to a subsequence if necessary, u^ n — > v locally uniformly in S7. In 
order to prove the first assertion it remains to show that v = Ua- 

If < r is sufficiently small, there exists q r G (q, q* E ) and M r > such 
that, for any p £ [1, q r ] and every z £ dQ such that dist (z, E) < r, estimate 
(|5.72p holds. It follows that the family of functions 

{K{-, z) : ze <9Q, dist (z, E) < r} 

is uniformly integrable in L q p {Q) and consequently the family 

{K[v];i> € SPt(an), \\u\\ m < 1, suppi/ C {zeffl: dist (z, £?) < r}} 
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is uniformly integrable in Lp(fi). By a standard argument (using Vitali's 
convergence theorem) this implies that v = u^. This proves the first two 
assertions of the theorem. 

The last assertion is an immediate consequence of the above together 
with Corollary 15.181 Indeed, if E = S(u) then, by Corollary 15.181 u > u^ n . 
Therefore u > u^. 

□ 



Proposition 5.20. Let y £ <9$7 and 1 < q < q 7 . Then there exists a 

Sy 

maximal solution u := U y of 15. ij) such that tr(U y ) = ({y},0). It satisfies 
(5.76) liminf \x - y\ 2/( - q - l) U y {x) > u z (a), 



x -> y 



uniformly on any compact subset of S 1 , where u) 1 is the unique positive 
solution of 



(5.77) 



-A'u) - X Niq uj + \uj\ q ' l uj = inSy 

u) = on dSy, 



normalized by w(<7o) = 1 for some fixed o~o G Sy 

For r > small enough, we denote by u the unique positive solution 

y,r 

of 

(5.78) 



A'u - \ Nq u + {u^lj = in S° r 



y oj = on dSy r , 

normalized in the same way. Then 

(5.79) limsup \x - y\ 2/i - q ~ l) U y {x) < uj (a). 

, x ~ y , — > a 
|£c— y\ 

Finally, if Sy = Sy = S, then 

(5.80) lim \x - y\ 2/{q ~ l) U y {x) = uj s (a) . 

x y 

Proof. We recall that Cy r (resp. C^ r ) is a r-inner cone (resp. r-outer cone) 
at y with opening Sy r C dB\{y) (resp. Sy T C dB\{y)). This is well defined 
for a r > small enough so that q < q 7 . We denote by ui z the unique 

positive solution of 

g | -A'w - A Ni9 o; + M*" 1 * = in 

[ uj = on dSy r . 
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(resp. C \B e {y)) 



We construct U y G U+(Q), vanishing on dQ \ {y} in the following way. For 
< e < r, we denote by v := U y>€ the solution of 

-&v + \v q ~ l \v = in Q\B € (y) 
v = mdn\B e (y) 
v = oo inQndB e {y). 

;= Vf) be the solution of 
= inC7 \B e (y) 

y • f 

= indC \B t (y) (resp. dC \B e {y)) 

y i r y i r 

= oo inC ndB e (y) (resp. C DdB e {y)). 

y i r y i r 

Then there exist m > depending on r, but not on e, such that 

(5.82) V*{x) - m < U y:€ (x) < V°(x) + m 

for all x G Cy r \ {B e (y)} for the left-hand side inequality, and x G 90 n 
B r (y) \ {B e (y)} for the right-hand side one. When e — > 0, V/ converges 
to the explicit separable solution x i — ^ |x — y\^ 2 ^ q ^uj z in C l (the 

Sy ^ y ^ r 

positive cone with vertex generated by S^,,). Similarly V € ° converges to the 
explicit separable solution x i— )• |x — yj -2 /^ -1 ^ Q in C . Furthermore 

e < e' =^ E/y )e < fTy^/ . If U y = lim t ^o{Uy )IE }, there holds 
(5.83) 



Let v := Vj (resp. v 
—Av + If; 9-1 \v 
v 
v 



\x-y\ 



5 j/,f |x — y 
These inequalities imply 



"y,r \x — y\ 



(5.84) 



liminf \x -yf/^-^Uyix) > u x (a), 



x -y y 



Inequality (|5.79p is obtained in a similar way. Since lim^o^ / = u i 
uniformly in compact subsets of Sy we also obtain (|5.76p . If Sy = Sy = S, 



then oj 



oj s , thus (f5~80|) holds. 



□ 



Remark. Because U y is the maximal solution which vanishes on d£l\{y}, the 
function u^y = hm^^ Uks y also satisfies inequality (|5.79p . We conjecture 
that UooSy always satisfies estimate ( 5. 76). This is true if the outer and inner 
cone at y are the same. In fact in that case we obtain a much stronger result: 

Theorem 5.21. Assume y G dQ is such that Sy = Sy = S and q < q C: y. 
Then U, 



y 



Proof. Without loss of generality we can assume that y = and will denote 
B r = B r (0) for r > 0. Let (resp. C®) be a cone with vertex 0, such 
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that C/nB r \ {0} C (resp. n D B r C C°). We recall that the charac- 
teristic exponents a I and a are defined according to Definition 15.91 and 

Definition 15.101 Since 

a = lima = lima = a < 2/(q - 1), 

& o r->0 b ,r r-M) 6 0,r 5 

we can choose r such that 

(5.85) qa -a a < 2 - (q - l)(a - a Q ), 
and for simplicity, we set a 7 = a 7 , a = a D and 

S 0,r S 0,r 
g-1 

7r = • 

2 + a G - ga 7 

5"tep i. We claim that there exists c > and c* > such that, for any 
m > 

(5.86) u m5o (x) > c*m|x|~ Q o Vx G -B cm - 7r n • 
Since mi^(.,0) is a super-solution for (|5.ip . 



u mJ (2;) > mif(x, 0)-m q G(z, x)K q (z, 0)dz. 

Jn 

If we assume that x G C/ fl -B r , then dist (x, > #|x| for some 6 > since 
C/ nB r \ {0} C £7. Using Bogdan's estimate and Harnack inequality we 
derive 

\x\ 2 ~ N 

K(x,Q) > ci- 



G(x,x )' 

for some fixed point xo in SI. But the Green function in Q(~)B r is dominated 
by the Green function in C® fl B r , thus G(x,xo) < C2|x| a o where a Q = 
2 — N + a D . This implies 

(5.87) K(x,0) > c 3 \x\~ a o VzeC r ; n5 r . 

Similarly (and it is a very rough estimate) 

K(x,0) < c 4 \x\~ a i VxGfi 
Because G{x, z) < cs|x — z\ 2 ~ N , we obtain 



/ G(z,x)£T 9 (,z,0)(fe < c 6 / 



x — z| 2 |^| Q ^dz. 



We write 



x-z| 2 - JV |zr 9a /dz= / \x- z\ 2 - N \z\- qa idz 



+ / Ix-zp-^lzl-^idz. 
J Br\B 2 \ x \ 



(,0 
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But 

f \x- z\ 2 - N \z\- qa idz = \x\ 2 ~ qa i [ \i-t\ 2 ~ N \t\- qa idt 

where £ = x/\x\ is fixed. In the same way 

f \x- z\ 2 - N \z\- qa idz < [ \z\ 2 - N - qa i\x\ 2 - qa idz 

< \x\ 2 - qa i ! \t\ 2 ~ N ~ qa idt 

J B R/\x\\B2 

R/\x\ 



pJrC/ \X\ 

< c 7 \x\ 2 ~ qa i J s l - qa ids. 



Thus 

c§ if 1 — qa T > — 1 



(5.88) j \x- z\ 2 - N \z\- qa idz < < 

Combining (07)1 and ff5T88l) yields to ([5T86]) 
Step 2. There holds 



C8|ln|x|| ifl — qa I = —l 
c$\x\ 2 ~ qa i ifl-ga I <-l. 



(5.89) UooSo (x) > (\x\- 2 ' q -^ - r- 2 /^ 1 )) u^{x/\x\) Vx G C r z n B r , 

where w g/ is the unique positive solution of (|5.8ip . For £ > 0, let u\ 5q be 
the solution of 

( -Au + u q = inC/ 
(5JUj \ n = M on0C r '. 

By comparing u^ Sq with the Martin kernel in C/, 

(5.91) ui So (x) < c w i\x\~ a i Vxet7 r 7 . 
Because 

(5.92) ci ^|x|- a / < c*m|xr Q o Vx s.t. |x| > en — 

\m / 

it follows 

/ £ \ K- Q o) _1 

(5.93) u m ,5 (x) — u es( x ) ^ x s -t- c n ( — J — |x| < c*m 7r . 
Notice that (|5.85p implies 

£ \ (a / -ao)~ 1 

— I = o(m _7r ) as m — 7- oo. 

m / 

Since li^^x) < |x|~ 2 ^ <? ~ 1 ^cj s7 (x/|x|), it follows, by the maximum principle, 
that 

u mSo (x) > ui So (x) - r-Vb-Vu, Jx/\x\) 



BOUNDARY TRACE IN LIPSCHITZ DOMAINS 61 

for every x G C£nB r such that \x\ > c\\ (^i)^ 1 • Letting successively 

m — > oo and I — > oo and using 

lim uj So (x) = \x\- 2 '^u Ax/\x\) Vx G C{, 



we obtain ([51 



Step 3. Let u G U + (VL), u vanishing on dil \ {0}. Because 

u{x) < C N , q \x\- 2/{q - l) 



and C£ (1 B r \ {0} C it is a classical consequence of Harnack inequality 
that, for any x and i'eC/n B r / 2 such that 2 _1 |x| < \x'\ < 2\x\, u satisfies 

Ci2u(x') < u(x) < c\2u(x'), 

where c\ 2 > depends on N, q and min {dist (z,dn)/\z\ : z G C r ; nB r }. 
Step 4- There exists C13 = cis(q, ft) > such that 
(5.94) Uo(x) < ci3Uoos(x) Vx G f2. 

Because of (|5.79p and the fact that for r > and any compact subset 
if d Sq r 

1 < °' r . . < M Vo" G if, 

where M depends on if, there exists C14 > such that 

1 < < c u Vx G B r s.t. x/|x| G if. 

Using Step 3, there also holds 
(5.95) 

-1 ^ • (U (x') u ooSo (x')\ (U (x') u ooSo (x')\ 

c 15 < mm <^ 7TT ^, f - max \ 77TT' Vt f - Cl5 Vx ' x G B ^/ 2 ' 

[ f/ (a?) Uoo5 (a;) J [ (7 W ^W^x) J 

provided x/\x\ and x'/|x'| G if and 2 _1 |x| < \x'\ < 2\x\. For < s < r/2, 
set T s = Q n 9i? s . There exists no G N* and k G (0, 1/4), independent of 
s, such that for any x G T s such that x/\x\ G if, there exists at most no 
points dj (j = l,...j x ) such that aj G T s , ai G <9f2, ks < dist (a.,-, <9f2) < s, 
\aj — aj + \\ < s/2 for j = 1, ...j x and aj x = x. Using Proposition 16.11 and the 
remark hereafter, 

£7 (ai) iw (ai) (7 (ai) 
Combining with (|5.95p we derive 

Uq(x) < CC^UooS^x) Vx G T s . 
Because cc^ itoo^ is a super-solution of (I5.1|) (clearly cc™5 > 1), 
U < cell u oo8 mfl\B s Va € (0, r] . 
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Thus flEEj) follows with c 13 = cc^ . 

Step 5. End of the proof. It is based upon an idea introduced in [21]. If we 
assume Uq > iioo<5 ; the convexity of x h- > x q implies that the function 

V = UooS - -^—{Uq - UooS ) 

is a super solution such that 

OUoo^ < V < Uoo5 

where a = ~^~ 3 < 1- Since auoos is a subsolution, it follows that there 
exists a solution w such that 

aUocSa <W<V< Uoo5 . 

But this is impossible because, for any a G (0,1), the smallest solution 
dominating clUqoSq is itoo5o- 

The next result extends a theorem of Marcus and Veron |21|. 



Theorem 5.22. Assume that £1 is a bounded Lipschitz domain such that 
S y = Sy = Sy for every y G d£l. Further, assume that 

Then for any outer regular Borel measure v on <9f2 there exists a unique 
solution u of ( f5. 1}) such that tr an {u) = v. 

Proof. We assume v ~ (u, F) in the sense of Definition 14.91 where F is a 
closed subset of dft and v a Radon measure on 1Z = dil \ F. We denote by 
Uf the maximal solution of (I5.ip defined in Lemma f4. Ill Because q < q^, 
for any y G F there exists u^Sy (and actually UooSy = U y by Theorem I5.21f) . 
Then Uf > ugy by Lemma I4.13I thus S(Up) = F' = F with the notation of 
Definition I4.12I By Theorem I5.19I any Radon measure is q-admissible thus 
for any compact subset E C 1Z there exist a unique solution u UXE of (|5,ip 
with boundary trace v\e- Therefore there exists a solution with boundary 
trace v and, by Theorem I4.141 its uniqueness is reduced to showing that 
Uf is the unique solution with boundary trace (0, F). Assume uf is any 
solution with trace (0,F). By Theorem 15 . 1 71 and Theorem 15.211 there holds 

(5.96) uf(x) > u^Syix) = U y (x) Vy G F, Vx G £1. 
Next we prove: 

Assertion. There exists C > depending on F, Q and q such that 

(5.97) U F (x) < Cu F {x) Vx G O. 

There exists ro > and a circular cone Cq with vertex and opening 
Sq C dE>\ such that for any y G there exists an isometry lZ y of M N such 
that TZ y (Co) n B rQ (y) C flU {y}. We shall denote by Ci a fixed sub-cone of 
Cq with vertex and opening S\ <£ Sq. In order to simplify the geometry, 
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we shall assume that both Cq and Co are radially symmetric cones. If x G O 
is such that dist (x,d£l) < ro/2, either 

(i) there exists some y G S and an isometry 1Z y such that 1Z y (Co)r\B rQ (y) C 
O U {y} and (x - j/)/|a; - y| € Si, 

(ii) or such a y and 7£ y does not exist. 

In the first case, it follows from Proposition I5.20I and Theorem I5.21I that 

(5.98) u F {x) > ci|x-2/| _2/(9_1) . 

Furthermore, the constant c\ depends on r, S q and O, but not on u F . By 

([S3]) 

(5.99) U F (x) < c 2 (dist (x, dO))" 2 ^ 1 ) . 

Since in case (i), there holds dist (x, <90) > c^\x — y\ for some C3 > 1 depend- 
ing on Sq and Si, it follows that (|5.97p holds with c = cic 2 /^ 9 1 V C 3- 

In case (ii) , x does not belong to any cone radially symmetric cones with 
opening Si and vertex at some y E S. Therefore, there exists C4 < 1 
depending on C\ such that 

(5.100) dist (a?, dSl) < c 4 dist (x, «S). 
We denote r x := dist (x,S). If 

(5.101) dist (x, <90) < min{c 4 , W^}r x , 

there exists £ x G 00 such that \x — ^ | dist (x, dfl). Then B 9rx / 10 (^ x ) C 
B Tx (x). We can apply Proposition 16.11 in n Sg r!i , /io(Cx)- Since x G 
B rx /5(£ x ), there holds 

1 tip (2) u F (x) u f (z) , , „ . . 

We can take in particular z such that |z — £ x | = r x /5 and dist (z, dCl) = 
max{dist (t, dQ) : t G B rx / 5 (£ x ) n SI}. Since the distance from 2 to 5 is 
comparable to dist (z, dQ), there exist no G N* depending on the geometry 
of O and no points {oj} with the properties that dist (aj, 90) > dist (2, 90), 
B rx / 10 (a,j) n 5 rx /io(aj + i) / for j = 1, ...,n -1, a\ = z and a no have the 
property (i) above, that is there exists some y G S and an isometry 1Z y such 
that lZy{Co) n B ro (y) C U {y} and (a no — y)/\a no — y\ G Si. By classical 
Harnack inequality (see Theorem I5.21I Step 3), there holds 

u F (a,j) > C6Up(aj + i) and Up{aj) > CQ 1 U F (cij + i) 

for some cq > 1 depending on iV, g and O via the cone Co. Therefore 

(5.103) U F (x) < c 5 cl no l F{ . an °\ u F (x) < c 7 u F (x), 

which implies (|5.97p from case (i) applied to a no . 
Finally, if (|5.100p holds, but also 

(5.104) dist (x, dQ) > min{c 4 , lO" 1 }^, 



(5.105) 
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this means that dist (x,dO) is comparable to r x . Then we can perform the 
same construction as in the case (15. 101 H holds, except that we consider balls 
^dist (x dQ)/&( a j) m orc ier to connect x to a point a no satisfying (i). The 
number no is always independent of up. Thus we derive again estimate 
(|5.97p provided dist(x,<9$7) < Vq/2. In order to prove that this holds in 
whole 0, we consider some < n < vq/2 such that tt' r := {x G O : 
dist (x, 0) > r±} is connected. The function v solution of 

-An + v q = in 

v = c\up in dO,' 

is larger that J/f in O' . Since cinp is a super solution, i> < c\up in 
This implies that (|5.97p holds in Q. 

Inequality (15.970 implies uniqueness by the same argument as in the proof 
of Theorem 15. 21} Step 5. □ 

6. Boundary Harnack inequality 

In this section we prove the following 

Proposition 6.1. Assume is a bounded Lipschitz domain, A C 80 is 
relatively open and q > 1. Let (ro,Ao) be the Lipschitz characteristic of O 
(see subsection 2.1). 

Let Ui G C(0 U A), i = 1, 2, be positive solutions of 

-Au + u q = in O, 

smc/i i/iaf -U2 < and itj = on A. Put S = dO\A and d(x, S) = dist (x, S). 
Let y £ A and let 

r : = min(r /8, -d{y,S) 

so that 

d{B 4r ( y ) nn) = (B 4r (y) n an) u (dB 4r ( y ) n n). 

Assume also 

(6.1) iii(z) < c\Ui{z) 

for any z G dB^ r (y) n smc/i f/iaf dist (z, <9S1) > /3r, f/ien 

-i "lfcO . "2(2) . "lOO w , ^ o / \ o n 

n C — - < — - < C — - VZ, Z G #2r(y) H S2 

(6.2) Ul {z') u 2 (z') ui{z') 

s.t. \z'\ = 2r, dist (z f , 80) > (3r 

where the constant c > depends only on N, q, (3, c\ and the Lipschitz char- 
acteristic of Q. Ln particular 

(6.3) ui(z) < cu 2 {z) Vz G B 2r {y) n fi. 

Proof. Without loss of generality we assume that y = 0. We can also assume 
that the truncated cone with vertex 

r := {C G R N : < |C| < 4r, dist (Co, dto) > /3r} 
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is such that T is a compact subset of £1 U {0} 
Let b = d(0, S) and put 

2_ 

Ui(x) = b i- 1 ui(x/b), i = l,2. 

Then U{ has the same properties as u\ when is replaced by = tO, S 
by S b = \S, r by T b = IT and rby 5 = r/b. Of course d(0, S b ) = 1 so that 

5 = min(r /(86),l/4). 

The functions U{ satisfy the equation 

-A«; + <u? = in ^45(0) nO 6 

and Ui = on -845(0) n d£l b . Therefore, by the Keller-Osserman estimate, 

u i <c(N,q)5^ 2/ig - 1) in %(0)nn 6 . 

If a(x) = u^ 1 then u\ satisfies 

-A«i + a(x)ui = in (ifi) n 5i(0), 

and a(-) is bounded in 535(0). 
Let u; be the solution of 

-Aw + a{x)w = in 5 35 (0)nn 6 

u> = on £35(0) n ^dn 

w = u 2Xrb on 5535(0) nn b . 

By applying the boundary Harnack principle in B^s(0)nQ b (using the slightly 
more general form derived in [2J Theorem 2.1]) we obtain 

(6.4) c-^<f<^ v C ,C'e5 2 5(0)n^ 
ui(C) iu(C) «i(C) 

where the constant c depends only on the Lipschitz characteristic of £l b 
(which is (ro/b, \ob) and therefore 'better' then that of f2 when b < 1). 
Notice that 

Ui(C) < c 2 Ui(C) vcc' g r b s.t. 25 < ICUC'I < 3<5 

by Harnack inequality. Since a(x) is bounded, it follows by standard repre- 
sentation formula and Harnack inequality applied to u 2 that 

, , mm{w(x) : \x\ = S,x G T b } > c' 3 min{w(x) : |x| = 35, x G r b } 

> C3 max{w(j;) : |x| = 35, x G 

where the constants q (i = 1, 2) depend on the opening of the cone and thus 
on the Lipschitz characteristic of Since w < u 2 the above inequalities 
imply 

«i(0 < cMO^jU ^ -MO^Sr, vc g B 25 (o)nn b , vc' g dB 2S (o)nr b . 

W{(, j C 3 U 2 {(, ) 
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In particular, it implies 

ui(0<c'MO vc € b 25 (o) n o 6 . 

This completes the proof. □ 

Remark. It is worth noticing that assumption (16, ip is always verifed by 
Harnack inequality, but the constant c\ may depend on the Uj. 
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